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Summary
The exploitation of geothermal heat by ground source heat pumps is presently growing
throughout Europe and the world. In Italy, at the end of 2010, borehole heat exchangers
covered most of the 30% of the total energy used for space conditioning, showing an
increase of 50% compared to 2005. The forecasts for 2015 suggest a further increase in the
direct uses of the geothermal heat exceeding 50% compared to 2010 and a corresponding
increase in the geothermal energy consumption.
The possibility to design plants with higher efficiency and lower costs of installation
and operation is required, to support the growth of the ground source heat pump systems
and the consequent diffusion of the exploitation of the geothermal resources.
Research and better knowledge of the processes involved in the heat transfer between
the borehole heat exchanger and the surrounding ground is crucial to predict the behavior
of the plant-geothermal source interaction in any possible operational condition. The
knowledge of the hydrogeological characteristics of the specific site where the plant has
to be installed is also essential to prevent over- or under-sizing of the heat exchanger(s)
due to a rough design.
Over the years, several analytical solutions have been proposed to calculate the tem-
perature distribution around a borehole heat exchanger during operation. The infinite line
source analytical model considers an infinite linear heat source which exchanges heat
with the surrounding ground by conduction only. Other models, based on the infinite
linear heat source, have been later developed, considering also the contribution to the
conductive heat transfer due to groundwater flow.
The presence of flowing water around a borehole heat exchanger implies forced con-
vection, resulting in an increased efficiency of the heat transfer between the ground and
the borehole heat exchanger. Studying this process may suggest new ways to improve the
efficiency and to reduce the cost of ground source heat pump systems.
In this thesis, the contribution of groundwater flow in the heat transfer process be-
tween borehole heat exchangers and surrounding ground has been investigated, in order
to increase the theoretical knowledge as well as to improve the existing design tools.
Two-dimensional models have been considered, taking into account the actual cylindrical
geometry of the borehole. The groundwater flow has been modeled as steady, horizontal
and with variable flow rates, in order to encompass most of the real ground source heat
pump applications. Gravitational effects, i.e. the effects of a possible natural convection,
have been neglected.
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The results suggest that in the considered range of Darcy number, the calculation of
the heat transfer efficiency is not affected if Darcynian model is used to describe the ve-
locity field, although the viscous effects, and consequently the formation of the hydraulic
boundary layer, are neglected.
Calculations made using numerical simulations are compared with an analytical so-
lution which takes into account forced convection due to groundwater flow and based on
the linear heat source model. The regions of space and time where this analytical solu-
tion is affected by the effects of the line source assumption, in both cases of single- and
multiple-borehole(s) systems, have been defined.
The potential of the thermal response test analysis as a tool to predict the spacing
between boreholes when groundwater flow occurs has been investigated, defining and
studying the Influence Length as function of groundwater flow rate. The results sug-
gest that even relatively low flow rates allow to reduce significantly the spacing between
boreholes in the perpendicular direction with respect to groundwater flow. The distance
from the borehole where the temperature disturbance becomes not-significant (Influence
Length) is roughly predictable by thermal response test analysis. The study of the Influ-
ence Length may be a useful tool in the design of dissipative multiple-boreholes systems,
as well as in areas with a high density of single-borehole plants, to reduce the spacing
avoiding thermal interferences.
Moreover, an expeditious, graphical method to estimate the hydraulic conductivity of
the ground by thermal response test analysis has been proposed. An example of appli-
cation of the methodology is presented, taking into account experimental data as well as
plausible hydrological and petrological assumptions when the data are unavailable. The
obtained result is in agreement with the hydraulic conductivity range reported in litera-
ture for the type of substrate considered in the example. In order to verify this method,
further investigations and developments are required. In fact, the graphs used in the proce-
dure presented in this work are referred to specific borehole conditions (borehole filled by
groundwater) and are based on two-dimensional models (i.e. end-effects and natural con-
vection are neglected). Besides, the assumptions required to compensate the unavailable
data imply that the method cannot be considered verified.
Finally, further studies are suggested in order to improve and develop the proposed
methods.
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Riassunto
Negli ultimi anni, l’utilizzo del calore geotermico tramite pompe di calore accoppiate al
terreno sta aumentando significativamente in tutta Europa e in generale nel mondo. In
Italia, alla fine del 2010, le sonde geotermiche coprivano piu` del 30% dell’energia totale
utilizzata per riscaldamento e raffrescamento degli edifici, mostrando un aumento del 50%
rispetto al 2005. Le previsioni per il 2015 suggeriscono un ulteriore aumento degli utilizzi
diretti del calore geotermico maggiore del 50% rispetto al 2010 e un analogo incremento
del consumo di energia geotermica in generale.
Con l’aumento della diffusione di questa tecnologia, e quindi un maggior sfruttamento
di tale risorsa, aumenta anche la necessita` di progettare impianti con la massima efficienza
possibile e con bassi costi di installazione ed esercizio.
La comprensione dei processi coinvolti nel trasferimento di calore tra sonda geoter-
mica e terreno circostante e` fondamentale per prevedere il comportamento degli impianti.
Anche la conoscenza delle caratteristiche idrogeologiche del sito specifico nel quale l’im-
pianto deve essere installato e` essenziale al fine di evitare un’errata progettazione che puo`
causare sovra- o sotto-dimensionamento della sonda.
Nel corso degli anni, diverse soluzioni analitiche sono state proposte per calcolare la
distribuzione di temperatura attorno alla sonda geotermica durante il suo utilizzo. Il mo-
dello analitico della sorgente di calore lineare e infinita considera lo scambio di calore che
avviene per sola conduzione attorno ad una sorgente di raggio infinitesimo e di lunghezza
infinita. Altri modelli successivi a questo e anch’essi basati sulla sorgente di calore lineare
ed infinita, tengono conto anche del contributo convettivo dovuto al flusso dell’acqua di
falda.
La presenza di un flusso di acqua attorno ad una sonda geotermica, infatti, comporta
convezione forzata e, di conseguenza, un aumento dello scambio di calore tra sonda e
terreno. Per questo motivo, lo studio degli effetti di tale processo e` un fattore chiave per
riuscire a migliorare l’efficienza degli scambiatori di calore accoppiati al terreno.
Questa tesi presenta lo studio del contributo del flusso delle acque di falda sul processo
di scambio termico tra sonde geotermiche e terreno circostante, al fine di incrementare la
conoscenza teorica e migliorare gli strumenti di progettazione gia` esistenti. Per raggiun-
gere questo scopo ci si e` serviti di modelli numerici bi-dimensionali che tengono conto
della reale geometria cilindrica della sonda. Il fusso delle acque di falda e` stato assunto
come stazionale e orizzontale. Al fine di includere la maggior parte delle applicazioni
geotermiche reali, un vasto range di portate e` stato preso in considerazione. Gli effetti
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gravitativi, e quindi i possibili effetti di convezione naturale, sono stati invece trascurati.
Sono stati confrontati i risultati del calcolo del trasferimento di calore ottenuti utiliz-
zando rispettivamente l’equazione di Darcy e l’equazione di Darcy-Brinkman per descri-
vere il campo di velocita` dell’acqua di falda attorno alla sonda. Le conclusioni raggiunte
suggeriscono che utilizzando il modello di Darcy, il risultato risulta comunque sufficien-
temente accurato per i numeri di Darcy considerati, nonostante gli effetti viscosi, e quindi
la formazione dello strato-limite fluidodinamico, vengano trascurati.
I risultati delle simulazioni numeriche sono stati comparati con un modello analitico
che prevede convezione forzata, dovuta al flusso di falda, attorno ad una sorgente di calore
lineare ed infinita. Sono quindi state definite le regioni dello spazio e del tempo dove tale
soluzione analitica e` soggetta agli effetti della linearita` della sorgente, sia nel caso di
sonda singola, sia nel caso di campo-sonde.
Sono inoltre state studiate le potenzialita` dell’analisi del test di risposta termica come
strumento per prevedere la spaziatura tra le sonde in funzione della portata del flusso
dell’acqua di falda. I risultati suggeriscono che portate relativamente modeste, permet-
tono una riduzione significativa della spazitura tra le sonde in direzione perpendicolare
rispetto a quella di scorrimento dell’acqua di falda. Sfruttando l’analisi del test di risposta
termica, e` possibile stimare approssimativamente la distanza dalla sonda alla quale il dis-
turbo di temperatura diventa trascurabile (distanza di influenza). Lo studio di questa dis-
tanza di influenza puo` essere un utile strumento per la progettazione di sistemi dissipativi
composti da sonde multiple, cosı` come nelle aree con un’alta densita` di impianti a sonda
singola, al fine di ridurre la spaziatura tra le sonde, evitando allo stesso tempo l’insorgere
di interferenze termiche tra sonde adiacenti.
Inoltre e` stato proposto un metodo grafico e speditivo per la stima della conducibilita`
idraulica del substrato tramite l’analisi del test di risposta termica. `E stato presentato
un esempio dell’applicazione di questa metodologia utilizzando sia dati sperimentali sia
assunzioni plausibili di carattere idrologico e petrologico, quando non e` stato possibile av-
valersi di dati sperimentali. I risultati ottenuti sono in accordo con i valori di conducibilita`
idraulica proposti in letteratura per il tipo di substrato dell’esempio. Per poter verificare
l’affidabilita` di questo metodo, ulteriori studi e sviluppi sono sono necessari. Infatti, i
grafici utilizzati nella procedura presentata in questa tesi, si riferiscono a specifiche con-
dizioni della sonda (acqua di falda come materiale di riempimento) e sono inoltre basati su
modelli bi-dimensionali (trascurando quindi gli effetti di fine-pozzo e il contributo della
convezione naturale).
Infine vengono forniti suggerimenti riguardo ulteriori studi che consentirebbero di
migliorare e sviluppare ulteriormente le metodologie proposte.
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Nomenclature and abbreviations
Nomenclature
α [m2 s−1] thermal diffusivity, eq. 2.3
γ Euler’s constant
ǫp [-] porosity
Θ [-] non-dimensional excess temperature, eq. 3.15
κ [m2] hydraulic permeability
λ [W (m K)−1] thermal conductivity
λeff [W (m K)−1] effective thermal conductivity calculated by the TRT data
analysis
λ-ratio [-] ratio between the effective and the real thermal conductivity
of the ground, eq. 4.2
µ [Pa s] dynamic viscosity
ρ [kg m−3] density
τ [s] time
τend [s] duration of the simulation
ϕ [rad] azimuthal angle with respect to the main flow direction
(fig. 3.1)
c [J (Kg K)−1] specific heat
C [J m−3 K−1] volumetric heat capacity
dp [m] representative mean grain size, eq. 3.19
Da [-] Darcy number, eq. 3.10
Ei (z) exponential integral function
Fo [-] Fourier number, eq. 3.13
h [m] hydraulic head
~ [W (m2 K)−1] heat transfer coefficient, eq. 2.6
H [m] active depth of the borehole
i [m m−1] hydraulic gradient, eq. 2.15
I0 modified Bessel function of the first kind and of order
0 (Abramowitz and Stegun, 1965)
k [m s−1] hydraulic conductivity
K0 modified Bessel function of the second kind and of order
0 (Abramowitz and Stegun, 1965)
ix
Linf05, Linf1 [m] Influence Lengths as defined in section 4.3.2, considering
temperature perturbations of T0 ± 0.5◦C and T0 ± 1◦C, re-
spectively, with respect to the unperturbed temperature T0
n outer unit normal from the borehole surface to the ground
p [Pa] static pressure
Pe [-] Pecle´t number, eq. 3.14
Q [W] heat transfer rate
q′ [W m−1] specific heat transfer rate
q′′ [W m−2] uniform heat flux released from the borehole surface
r [m] radial distance from the borehole axis
Rb [K m W−1] borehole thermal resistance
T [◦C] or [K] temperature
Tf [◦C] or [K] heat carrier mean fluid temperature, eq. 2.18
T0 [◦C] or [K] unperturbed ground temperature
u [m s−1] specific discharge
U [m s−1] volumetric flow rate per unit of cross-sectional area (volu-
metric flux), eq. 2.14
x, y, z Cartesian coordinate
Superscripts
− mean value
∗ denotes non-dimensional quantities
Subscripts
b denotes quantities defined on the borehole surface
gr denotes thermophysical properties of the porous medium (soil/rocks + wa-
ter), eq. 3.12
in denotes inlet quantities
out denotes outlet quantities
r denotes thermophysical properties of soils and rocks
w denotes thermophysical properties of water
TRT denotes value related to thermal response test analysis
s, SS denote steady state conditions
x
Abbreviations
BHE Borehole Heat Exchanger
GSHP Ground Source Heat Pump
FLS Finite Line Source
ICS Infinite Cylindrical Source
ILS Infinite Line Source
MILS Moving Infinite Line Source
TRT Thermal Response Test
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Chapter 1
Introduction
1.1 Objectives of the thesis
The overall aim of this thesis is to investigate the contribution of groundwater flow in
the heat transfer process between borehole heat exchangers (BHEs) and the surrounding
ground.
The forced convection due to the groundwater flow enhances the heat transfer rate and
the performances of the ground source heat pump (GSHP) systems. From a practical point
of view, that means higher efficiency, lower required length of the borehole (considering
the same heat transfer rate) and lower costs.
In the case of a borehole array, the groundwater flow can either increase or decrease
the efficiency of the system, depending on the direction of the flow and on the configu-
ration of the array. In fact, a borehole distribution aligned with the prevalent groundwa-
ter flow direction, may decrease substantially the performance of the boreholes located
downstream because of the heat dissipated from the boreholes upstream.
Another aspect that has to be taken into account during the design process is that the
groundwater flow may have a non-constant velocity, in modulus and direction, in different
periods of the year, making a compromise solution necessary during design.
Therefore, it is evident that the presence of groundwater flow is an important aspect
that can not be underestimated in the BHEs design, if a better efficiency, and a conse-
quently reduction of costs, is wanted.
With this thesis we want increase the knowledge of the heat transfer process between
BHEs and the surrounding ground in presence of groundwater flow and improve the exist-
ing design tools for efficient and sustainable BHEs plants (a brief overview of the already
existing numerical and analytical methods accounting for the effects of groundwater flow
is given in section 2.3.1).
Two-dimensional numerical models are set up taking into account the cylindrical ge-
ometry of the borehole and a steady and horizontal groundwater flow with variable flow
rates in order to encompass most of real GSHP applications.
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The specific targets of this thesis are to:
1a) compare a solution calculated using the Darcy model with the results obtained con-
sidering the Darcy-Brinkman equation: verify if the Darcy assumption is suffi-
ciently accurate to model the heat transfer at the considered values of the Darcy
number, although the viscous effects and consequently the formation of the hydro-
dynamic boundary layer are neglected;
1b) compare the present numerical results with the analytical solution proposed by Diao
et al. (2004), in order to define the regions of space and time where the analytical
solution is affected by the line source assumption, in both the case of single BHE
and borehole field;
2a) use of thermal response test analysis as a tool to predict the necessary distance among
BHEs when groundwater flow occurs, reducing the required distances to avoid ther-
mal influence among boreholes and the consequent decrement of heat exchange
efficiency;
2b) propose and testing an expeditious, graphical method to estimate the hydraulic con-
ductivity of the ground using TRT analysis.
1) Darcy assumption and analytical solution by Diao et al. (chapter 3)
With this study, presented and discussed in chapter 3, we want to investigate the heat
transfer between BHE and the surrounding ground in presence of groundwater flow. The
limits of reliability of the analytical solution proposed by Diao et al. (2004), in terms of
estimation of temperature variations, in space and time, are determined and examined.
Moreover, the suitability of the Darcynian model is investigated.
The present work aims to determine exactly the regions of time and space where the
model presented by Diao et al. (2004) denotes discrepancies with respect to the numerical
solutions because of line source assumptions, tracking the evolution in time of the spatial
discrepancy distribution.
The study about the suitability of the Darcynian model is carried on comparing the
solutions obtained adding or not the Laplacian term to the normal form of Darcy’s law.
The introduction of this term allows to take into account the inertial forces which slow
down the fluid nearing to the borehole surface. The resulting velocity profiles are quite
different from each other. In the present work we investigate if neglecting the formation
of the hydrodynamic boundary layer allows to estimate with sufficient accuracy the heat
transfer between BHE and surrounding ground when groundwater flow occurs.
The utilization of numerical models allows to investigate a wide range of different
parameters (time, borehole radius, thermal conductivity, flow rate...). Moreover, non-
dimensional quantities are used, in order to reduce the complexity of the problem (i.e.
the number of variables and equations involved) and, at the same time, weigh the relative
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importance of terms in the model equations and make easier to scale-up the obtained
results to different configurations of real BHE systems.
On the other hand, two-dimensional models, such as those used in this work, do not
take into account the convective heat transfer which may occur due to the buoyancy forces,
as well as any interaction with the ground surface and any variation with depth (included
end effects); however, this vertical variability affects only a limited length of the borehole,
with respect of the mean total length of BHEs.
2) Thermal response test analysis and regional groundwater flow (chapter 4)
In chapter 4, a study aimed to improve the number of information usable during the design
phase is presented.
The spacing among different boreholes is a result of a compromise between the avail-
able space in the site and the necessity to avoid thermal influence between BHEs, since
it may decrease the heat exchange efficiency. Therefore, the tool proposed in this work
allows to evaluate the minimum necessary distance between two neighboring boreholes,
would be useful in the design phase, since it would be possible to take into account the
long-time effects of groundwater flow.
Moreover, an expeditious, graphical method to estimate the hydraulic conductivity of
the ground using TRT analysis is proposed. The method is tested using experimental data.
In chapter 4, the evolution in time of the distribution of the temperature around BHEs,
in presence of groundwater flow, is studied using numerical simulations. The outcomes
are compared with the results of numerically simulated TRT analysis.
In the first part of the thesis, a general introduction of the issues related to the present
work is given, together with an overview on state of the art. The last part presents the
analytical instruments and the methodological strategies used in the this study, together
with the obtained results and the conclusive discussions.
1.2 Geothermal energy: an overview
The term geothermal energy is referred to the heat contained within the Earth and mostly
generated by the decay of radioactive isotopes. This energy affects most of the geological
phenomena on the planet and could be partly recovered and exploited by man. Nowadays,
the term is mainly used to indicate just the thermal energy that is somehow utilized by man
and it will be used with this acceptation hereafter.
1.2.1 Geothermal energy generation
According to Lubimova (1969), geothermal heat is related to the radiogenic decay of the
long-lived radioactive isotopes such as uranium (U235, U238), potassium (K40) and thorium
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(Th232), which are present within the Earth.
On the other hand, Stacey and Loper (1988) compiled a heat balance, estimating the
total flow of heat (i.e. by conduction, convection and radiation) from the Earth to 42 TW
(= 42 · 1012 W), of which almost the 20% (8 TW) comes from the crust; in fact, although
the crust represents only 2% of the total volume, it is rich in radioactive isotopes. The
mantle (82% of the Earth volume) contributes with 32.3 TW (≈ 77% of the total heat
flux), while the remaining heat (1.7 TW) comes form the core, which accounts for 16% of
the total volume. It is assumed that the core do not contain radioactive isotopes although
the georeactor theory (Herndon, 1993) hypothesizes the existence of a radioactive nuclei
in the inner core.
Moreover, the data presented by Stacey and Loper (1988) indicate that the mantle
is cooling down to a rate equal to 10.3 TW, which means a very slow cooling process:
according to Dickson and Fanelli (2004), even if the total heat flow from Earth seems to be
6% higher than the value calculated by Stacey and Loper (1988), the mantle temperature
has decreased no more than 300–350◦C in three billion years.
The total heat content of Earth is estimated to be of the order of 3.5 · 1015 TWh of
which 1.5 · 1012 TWh are in the crust (Armstead, 1983). Unfortunately, the possibility
for the man to exploit this huge energy reservoir is limited, since the utilization requires
particular conditions: a geothermal resource can exist only if it is possible to transfer the
heat from deep hot zones to, or close to, the surface by a carrier fluid.
In the following sections, a general explanation about geothermal systems and at
geothermal heat pump systems is provided. Then, a short description of the worldwide
situation of the direct uses of geothermal energy, with a special focus on Europe and Italy,
is made.
1.2.2 Geothermal systems
A geothermal system is defined as “convecting fluid in the upper crust of the Earth which,
in a confined space, transfers heat from a heat source to a heat sink, usually to free sur-
face” (Hochstein, 1990).
The greatly simplified representation of an ideal geothermal system, shown in fig-
ure 1.1, highlights the three main elements of the system (Dickson and Fanelli, 2004):
• a heat source: it could be either a very high temperature (> 600◦C) magmatic
intrusion at relatively shallow (5–10 km) depth, or the normal Earth’s temperature
gradient, in case of low-temperature systems;
• a reservoir: it is composed by a volume of hot permeable rocks saturated by circu-
lating fluids and by an almost impermeable caprock;
• the geothermal fluid: it consists of a mixture of gas and condensed phases with
complex chemical composition which transport heat by convection (see section 2.1)
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Figure 1.1 – Schematic representation of an ideal geothermal system [from Dickson and Fanelli,
2004].
from the heat source to the top of the reservoir. The reservoir might be con-
nected with a surface recharge area through which the groundwater can recharge
the fluid escaped (or extracted) from the reservoir through springs (or boreholes).
The geothermal fluids contain solutes and dissolved gases (e.g. CO2 and H2S).
The mechanism of convection transfers heat from the source to the top of the reservoir
through a circulating system, moving the hotter (and consequently less dense) fluids from
the base of the system to the colder upper part. The result is an increasing of the tem-
perature at the top, due to the energy transferred by the fluids coming from the bottom.
Therefore, the hydrothermal circulation has two branches: one ascending and one de-
scending. A more detailed explanation of how the convection mechanism works, together
with a mathematical analysis, is given in section 2.1.2.
In nature, geothermal systems occur in a variety of combinations of geological, phys-
ical and chemical characteristics, which determine several different types of systems.
According to Australian Geothermal Reporting Code Committee (2010), to describe
an accumulation of heat energy within the crust, the term geothermal play is used, while a
geothermal resource is defined as “a geothermal play which exists in such a form, quality
and quantity that there are reasonable prospects for eventual economic extraction” (Law-
less, 2010).
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1.2.3 Classification based on the enthalpy of the geothermal fluid
Taking into account the recoverable thermal energy, the most common and useful way
to classifying geothermal resources is the one based on the enthalpy of the natural or
artificially circulated geothermal fluid. Also temperature can be used to determine the
heat content in the fluid, since it could be considered proportional to the enthalpy and
therefore it gives a good idea of thermal energy carried by water.
Table 1.1 – Classification of geothermal resources based on the temperature of the geothermal
fluid according to different authors; (⋆) denotes the definition adopted by Italian legislator (D. Lgs.
22/2010).
Enthalpy (or temperature) resource [◦C]
low medium high
Muffler and Cataldi (1978) (⋆) <90 90 to 150 >150
Hochstein (1990) <125 125 to 225 >225
Benderitter and Cormy (1990) <100 100 to 200 >200
Nicholson (1993) ≤150 – >150
Axelsson and Gunnlaugsson (2000) ≤190 – >190
According to the energy content of the geothermal fluid, the resources are generally di-
vided in low, medium and high temperature (or enthalpy) resources. In table 1.1 different
classifications proposed by several authors are reported. In particular, the classification
presented by Muffler and Cataldi (1978) is the one adopted in Italy, according to D. Lgs.
22/2010, and it will also be the one adopted hereafter in this work.
1.2.4 Utilization of the geothermal resources
Figure 1.2 shows some possible uses of the geothermal resources in accordance with
the temperature of the geothermal fluid.
Usually, two main categories are designed, in order to define the type of utilization
of the geothermal resource: geothermal power generation and direct uses of geothermal
heat. Direct utilization of geothermal heat include several possible uses and it is the oldest
and more common form of exploitation of the geothermal energy. Space and district heat-
ing/cooling, bathing, agriculture applications, aquaculture and industrial uses are example
of the high versatility of this form of utilization of the geothermal heat.
A very important sub-category of the direct heat uses, concerns its use by geothermal
heat pumps to transfer the heat from/to the geothermal source. The present work princi-
pally concerns geothermal heat pump applications and therefore the main characteristics
of this apparatus are briefly described in the following section.
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Figure 1.2 – Utilization of geothermal fluids in relation with their temperature; capital letters
denote power production utilizations, while lowercase letters denote direct geothermal heat uses
[from Dickson and Fanelli, 2004, derived from Lindal, 1973].
1.3 Ground Source Heat Pump systems
Geothermal heat pumps, or ground source heat pumps (GSHPs), consist in a ground-
coupled heat exchanger, usually installed in a vertical borehole and connected with a
heat pump. To be more precise, in geothermal applications the term heat pump is usually
referred to a reversible vapor-compressor refrigerator device optimized for high efficiency
in both directions of thermal energy transfer (Dickson and Fanelli, 2004).
Therefore, GSHP is a central heating and/or cooling system that allows to transfer heat
to or from the ground (figure 1.3); it absorbs heat from a cold source and releases it to a
warmer one, i.e. with opposite direction with respect to the spontaneous heat flow (see
section 2.1), allowing to extract and utilize the heat content of low-enthalpy geothermal
resources.
In areas with relatively cool summers and mild winters, both space and district heating
may be coupled with cooling: in these cases, we talk about conditioning (not considering
humidity control). GSHP systems use the ground as heat source (in winter) or heat sink
(in summer), as shown schematically in figure 1.4. Of course, heat pumps need energy
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Figure 1.3 – Typical application of a geothermal heat pump system [from Sanner et al., 2003].
to operate, but in suitable climatic conditions and with an optimal design it is possible to
take advantage of the moderate temperatures in the ground to boost efficiency and obtain
a positive energy balance.
Low-enthalpy geothermal energy is a renewable source almost constant in time and
available everywhere: at relatively shallow levels (which mainly depend on the geologi-
cal characteristics of the given area and correspond approximately to about 20 m depth)
the ground temperature is not affected by the daily and seasonal changes of the air tem-
perature on the surface, remaining constantly at values very close to the average annual
air temperature of the site. Below that level, ground temperature generally increases, ac-
cording to the local geothermal gradient, the mean value of which is about 3◦C per 100
m.
According to Gustafsson (2006), each kWhth of heating or cooling derived from the
GSHP system, requires 0.22–0.35 kWhe of electricity to drive the heat pump, while the
corresponding energy demand for driving the circulation pump in free cooling/heating
systems is equal to 0.02–0.1 kWhe per kWhth.
1.3.1 Geothermal heat exchanger
There are two different ways to transfer heat from the ground to the heat pump at the
surface (and vice versa):
• by open-loop systems (or groundwater heat pump), which consist of two wells,
one for extracting and one for re-injecting groundwater (figure 1.5a); in open-loop
systems groundwater is directly pumped into the heat exchanger inside the heat
pump;
1.3. Ground Source Heat Pump systems 9
Figure 1.4 – Scheme of a geothermal heat pump in heating (above) and cooling (below) modes.
• by closed-loop systems, which means that besides the primary refrigerant loop in-
side the heat pump, there is a secondary fluid loop flowing underground: after leav-
ing the internal heat exchanger, the fluid flows through the secondary loop outside
the building, to exchange heat with the ground (figures 1.5b and 1.5c). Closed-loop
pipelines are usually installed vertically, in one or more boreholes (figure 1.5b), or
horizontally, as a loop field in shallow trenches (figure 1.5c).
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Figure 1.5 – Schematic representation of open-loop (a) and closed-loop (b-c) geothermal systems.
In the current work, issues related with borehole heat exchangers are taken into ac-
count; therefore, a more detailed description of these systems is given in the following
chapters.
1.3.2 Borehole heat exchanger
A borehole heat exchanger (BHE) generally has a diameter of 0.09–0.15 m, while depth
usually falls in the range 50–200 m (Gustafsson, 2006), depending on the specific cases.
A collector is placed in the borehole, allowing the heat carrier fluid (water or water with
added antifreeze fluid) to circulate.
There exist different collector configurations, grouped in one of the two categories:
U-pipe and coaxial collectors, as showed in figure 1.6. The main difference between U-
pipe configuration and coaxial pipe is that in the first both the downward and the upward
channels participate in the heat exchange with the surrounding ground; on the other hand,
in coaxial pipe, only one of the flow channel, according to the flow direction (it could be
different during heat extraction or injection), allows the heat exchange between fluid and
ground.
In both configurations some precautions are necessary to avoid, or at least minimize,
thermal short-circuiting: if U-pipe configuration is adopted, both single or double, it is
important to keep more space as possible between each channel; on the other hand, in the
coaxial configuration the inner pipe has to be thermally insulated.
To improve the heat transfer between the circulating fluid and the surrounding soil
or rock, filling material is used. In Italy, a mix of bentonite and cement is preferred as
grouting material, since it also protects the groundwater from contamination, and prevents
artesian wells from flooding the surface. Moreover, thermally enhanced grouts are avail-
able to further improve the heat transfer. On the other hand, in Sweden the majority of
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Figure 1.6 – Different borehole heat exchanger collector configurations; ground is represented
by color brown, while light blue and orange denote the heat carrier fluid and the filling material,
respectively.
BHEs are drilled in hard rock, with the groundwater table a few meters below the ground
surface; therefore it is common leave the borehole un-grouted and i.e. let it be filled with
groundwater (Gehlin, 2002). Besides being cost-effective, this solution allows to take ad-
vantage from natural convection movements that take place inside the borehole: a thermal
gradient, in fact, will necessary occur in BHEs, causing convection which improves the
heat transfer between the heat exchanger and the bedrock (Gehlin, 2002).
1.4 Direct uses of geothermal energy
In the worldwide review presented by Lund et al. (2011), nine sub-categories of direct
utilizations of the geothermal energy are considered: geothermal heat pumps, space heat-
ing, greenhouse heating, aquaculture pond heating, agricultural drying, industrial uses,
bathing and swimming, cooling/snow melting and other uses.
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Table 1.2 – Summary of the various sub-categories of geothermal direct applications worldwide
in 2010 (Lund et al., 2011).
Sector of application Installed capacity Utilization[MWth] [GWhth/year]
Geothermal heat pumps 33134 55597
Space heating 5394 17507
Greenhouse heating 1544 6462
Aquaculture pond heating 653 3200
Agricultural drying 125 454
Industrial uses 533 3263
Bathing and swimming 6700 30392
Cooling/snow melting 368 591
Other uses 42 265
TOTAL 48493 117731
Figure 1.7 – Share of geothermal direct applications worldwide, by percentage of total installed
capacity in 2010 (Lund et al., 2011).
In 2010 there were seventy-eight countries which reported some direct utilization of
geothermal energy, for a total installed thermal power almost equal to 48.5 GWth (see ta-
ble 1.2); of these, more than 33 GWth are due to the GSHP systems, which alone represent
almost the∼69% on the total, as illustrated in figure 1.7. According to Lund et al. (2011),
the amount of total installed capacity in 2010 represents an increase of 72% over the 2005
data.
On the other hand, the global amount of thermal energy directly used is about 117.7
TWhth/year, which correspond to an increment of about 55% over 2005. The distribution
of thermal energy used by sub-category is approximately: 47.2% for GSHPs, 25.8% for
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bathing and swimming (including balneology), 14.9% for space heating (of which 85% is
for district heating), 5.5% for greenhouses and open ground heating, 2.8% for industrial
process heating, 2.7% for aquaculture pond heating, 0.4% for agricultural drying, 0.5%
for snow melting and cooling, and 0.2% for other uses.
Lund et al. (2011) calculated that the energy savings in 2010 amounted to 38 million
toe/year, including savings for geothermal heat pumps in cooling mode (compared to
using fuel oil to generate electricity), preventing 33 million tonnes of carbon and 107
million tonnes of carbon dioxide to be released to the atmosphere.
1.4.1 Shallow geothermal applications in Europe
With respect to the European Directive 2009/28/EU, the geothermal resources can be
classified, according to the type of the utilization, as resources for:
• geothermal power production;
• deep geothermal resources (for direct uses);
• shallow geothermal (< 400 m depth, for heat pump applications).
63.0% 
30.0% 
7.0% 
shallow
direct
electricity
Figure 1.8 – Share of installed capacity in the three geothermal sub-sector, as defined in sec-
tion 1.4.1, in Europe for 2012 (Antics et al., 2013).
The sector of shallow geothermal applications is by far the largest sector in geothermal
energy use in Europe in terms of installations, installed capacity (about 63% of the total,
see figure 1.8) and energy produced. According to Antics et al. (2013), at the end of
2012 in Europe there were more than 1,335,000 GSHPs installed, supplying a capacity of
almost 17 GWth and providing for about 35 TWhth/year.
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Figure 1.9 – Installed capacity in geothermal shallow applications in Europe at the end of 2012;
values in italics indicate data from the World Geothermal Congress 2010 [from Antics et al., 2013].
From figure 1.9 it is noticeable that Sweden, Germany, France and Switzerland to-
gether, cover almost the 64% of the total installed capacity for shallow geothermal energy
in Europe; these countries together have the highest amount of installed GSHPs (960,000
GSHPs) resulting in more then 11 GWth of total capacity.
Moreover, statistic also suggests that in the European scene, Italy, Poland and Czech
Republic are the countries with the highest growth rate regarding installed capacity for
shallow geothermal energy.
1.4.2 Direct uses of geothermal energy in Italy
In Italy, at the end of 2010, the geothermal energy directly used is estimated to be 1000
MWth and 3.5 TWhth/year (Grassi et al., 2013) in terms of installed capacity and con-
sumption, respectively.
Accordingly with the previous published data, Grassi et al. (2013) have grouped direct
uses in five sectors of utilization: space conditioning (including both district heating and
GSHPs), thermal balneology, agriculture uses (including greenhouses), aquaculture and
industrial processes (together with other minor uses with little or no application in Italy).
The presented data, reported in table 1.3, suggest, according to Grassi et al. (2013),
a growth of space conditioning applications from 26% to 38% of the total energy used
over 2005, but also the other sectors increased in absolute terms, considering the same
five-years period.
Between 2005 and 2010, also the utilization of GSHPs increased, doubling in terms of
heat used (from 236, in 2005, to 473 GWhth/year in 2010) and more than doubling in terms
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Table 1.3 – Summary of geothermal direct uses in Italy in 2010 (Grassi et al., 2013)
Sector of application
Total thermal Fraction obtained by
energy consumed GSHPs (% of consumed)
[GWhth/year] [GWhth/year]
Space conditioning 1320 (38%) 403 (31%)
Thermal balneology 1166 (33%) 0 (0%)
Agriculture uses 417 (12%) 42 (10%)
Aquaculture 500 (14%) 0 (0%)
Industrial processes 97 (3%) 28 (29%)
and other
TOTAL 3500 (100%) 473 (14%)
Total installed 1000 500
capacity [MWth]
of installed capacity (from 215 to 500 MWth). It is interesting to notice that geothermal
heat pumps cover more than 30% of the total energy used for space conditioning; on the
other hand, if all the geothermal direct use sectors are considered, GSHPs supply only
14% of the total energy consumption, despite an installed capacity equal to 50% of the
total, indicating that the load factor for GSHPs is quite low.
The forecasts for 2015 envisage an increase of the geothermal direct application in-
stalled capacity higher than 50% and a similar percentage increment of the thermal energy
consumption (Grassi et al., 2013).

Chapter 2
Theoretical background
In this chapter, the theoretical bases about heat transfer and groundwater flow are given.
An overview of methods proposed in literature to investigate groundwater properties us-
ing heat flow is made.
Then, the main works on numerical and analytical heat transfer models developed in or-
der to solve the borehole heat exchanger problem, considering also the groundwater flow
effects, are discussed.
Implications in heat transfer models of two different assumptions (Darcy’s and Brinkman’s)
for the groundwater flow are compared.
Finally, the thermal response test analysis is introduced and discussed from a mathemat-
ical point of view, together with a summary of the literature about thermal response test
and the effects of groundwater flow on it.
2.1 Heat transfer
In order to arise a heat transfer, a temperature difference within the same medium or be-
tween adjacent media has to occur. Physics describes three different processes of heat
transfer: conduction, convection and radiation. Conduction and convection are related
to moving mass at different scale within the considered system, but while the first is
based on the atomic and molecular movements, convection implies macroscopic mass
movements (Kreith et al., 2011). On the other hand, radiation occurs when the energy
is transported by electromagnetic waves, meaning that this process can take place in the
vacuum too, contrary to the other two processes, and it occurs significantly at high tem-
peratures (Kreith et al., 2011).
An overview of the physics and the mathematics which characterize conductive and
convective heat transfer processes is discussed, since they are both involved in the heat
transfer between borehole and surrounding ground. Radiation, which can occur for ex-
ample between two surfaces of a crack, is usually neglected.
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2.1.1 Conductive heat transfer
Heat conduction is the transfer of energy by microscopic diffusion and collisions of par-
ticles (molecules, electrons, atoms) within a body, due to a temperature gradient between
different portions of the body (Kreith et al., 2011). In fact, the increase of the temperature
implies an increase of the internal energy of the body, in particular the microscopic kinetic
energy of the particles. Therefore, because of their rapid movements and vibrations, the
particles interact with the neighboring ones, transferring some of their microscopic kinetic
and potential energies. The heat transfer by conduction occurs when adjacent atoms or
molecules collide, or as several electrons move from an atom to another in a disorganized
way. It is important to notice that since the vibration of each molecule occurs around
the initial position, in a certain time the average position of the molecules is the same,
meaning that with the heat transfer by conduction, macroscopic mass transfer does not
take place, but only the energy is conveyed by collisions (Kreith et al., 2011).
Considering an infinite, solid plate, homogeneous and isotropic, with the two surfaces
at different temperature, the heat flux q′′ = Q/A (with the heat transfer rate Q expressed
in Watt [W] (=J·s−1) and the heat transfer surface area A in square meters [m2]) can
be calculated according to the Fourier’s law, which in a Cartesian coordinate system
reads (Kreith et al., 2011):
q′′ = −λ∇T (2.1)
where ∇T is the temperature gradient ([K m−1]) in the normal direction with respect to
the surface, while λ is the thermal conductivity ([W (m·K)−1]).
The thermal conductivity λ represents the attitude of a material to conduct heat: heat
transfer occurs at a higher rate across materials with high thermal conductivity, while the
rate is lower over materials with lower thermal conductivity. In equation 2.1, the ther-
mal conductivity λ is a tensor, and although often is considered constant this is generally
not true. In fact, the thermal conductivity of a material generally varies with temperature
and pressure, but nevertheless the variation for the common materials are usually neg-
ligible over the range of temperatures and pressures considered in the most of practical
applications.
The typical λ value for each material had been evaluated experimentally and tabulated
(few examples are reported in table 2.1).
Combining the Fourier’s law (eq. 2.1) with the first law of thermodynamics, or con-
servation law, it results the heat diffusion equation, which for an infinite, solid material,
homogeneous and isotropic and in a Cartesian coordinate system is (Kreith et al., 2011):
∂T
∂τ
− α∇2T = 0 (2.2)
with the thermal diffusivity α ([m2 s−1]) equal to
α =
λ
ρc
=
λ
C
(2.3)
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Table 2.1 – Thermal conductivity of some materials (from Engineering Tool Box).
Material
Thermal conductivity
(at 25◦C)
[W (m·K)−1]
Air, athmosphere (gas) 0.024
Alcohol 0.17
Carbon dioxide (gas) 0.0146
Clay, dry to moist 0.15 to 1.8
Clay, saturated 0.6 to 2.5
Concrete, medium 0.4 to 0.7
Concrete, dense 1.0 to 1.8
Copper 401
Ethylene glycol 0.25
Foam glass 0.045
Glycerol 0.28
Granite 1.7 to 4.0
Gravel 0.7
Ground or soil: very moist (very dry) 1.4 (0.33)
Ice (at 0◦C) 2.18
Limestone 1.26 to 1.33
Polyethylene HD 0.42 to 0.51
PVC 0.19
Quartz mineral 3
Rock, porous volcanic (tuff) 0.5 to 2.5
Sand, dry 0.15 to 0.25
Sand, moist 0.25 to 2
Sand, saturated 2 to 4
Sandstone 1.7
Soil, with organic matter 0.15 to 2
Soil, saturated 0.6 to 4
Water 0.58
where ρ is the density ([kg m−3]), c is the specific heat ([J (kg K)−1]) and C the volumet-
ric heat capacity ([J m−3 K−1]).
The diffusivity represents the transferred energy with respect on the energy stored within
the system. In other words, increasing α means increase the speed with which a temper-
ature change on the surface of the system is propagated inside the body. Therefore, the
diffusivity depends entirely on the material properties, as well as the thermal conductivity
λ.
On the other hand, if stationary conditions are taken into account, the heat capacity
loses importance, as well as the time derivative and then the equation of the steady state
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heat conduction can be explicated by the Laplace equation (Kreith et al., 2011):
∇2T = 0 (2.4)
2.1.2 Convective heat transfer
Convection is a more complex phenomena with respect to conduction, since it involves
two combined processes, though it is usually discussed as a distinct method of heat trans-
fer (Kreith et al., 2011):
• conduction: there is always energy transfer depending on molecular movements
(heat diffusion);
• advection: due to the macroscopic mass movement of the fluid and depending on
movements of a great number of molecules (heat transfer by bulk fluid flow).
In particular, the heat transfer from a solid to a fluid, as well as the reverse process, is
characterized not only by transfer of heat by bulk motion of the fluid (advection), but
also by diffusion of heat (conduction) through the fluid boundary layer next to the solid
surface.
For this reason it is important to consider not only a boundary layer related to the velocities
(hydrodynamic boundary layer), but also a thermal boundary layer, defined as the space
where it is verified
T (y)− Ts
T∞ − Ts
< 0.99 (2.5)
where, according to the notation reported in figure 2.1, T∞ and Ts are the undisturbed
fluid temperature and the surface temperature, respectively.
The thickness of this boundary layer could be larger, equal or smaller with respect to
the hydrodynamic boundary layer.
The heat transfer coefficient ~ is used in calculating the heat transfer by convection
between fluid and soil. It has a S.I. units in [W m−2 K−1] since it is defined as (Kreith
et al., 2011)
~ =
Q
A · (T∞ − Ts)
(2.6)
The heat transfer coefficient is not a thermophysical property of the material, like the
diffusivity α or the thermal conductivity λ, but it depends on the properties of the medium
and on the state of flow.
Assuming a constant heat transfer coefficient, it is possible to derive from eq. 2.6 the
Newton’s law, which reads (Kreith et al., 2011)
q′′ = ~ · (T∞ − Ts) (2.7)
From equation 2.7, it is noticeable that ~ is the proportionality coefficient between the
heat flux q′′ = Q/A and the temperature difference, (T∞− Ts), which may be considered
the thermodynamic driving force for the flow of heat.
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Figure 2.1 – Schematic representation of the thermal boundary layer.
As above mentioned, convection is the sum of two processes. If only advection is
considered, a partial differential equation which describes this mechanism (motion of a
conservative scalar field by a known velocity vector field) can be derived by the conser-
vation law, together with the divergence theorem (also known as Gauss’s theorem) and
taking the infinitesimal limit.
In fact, the advection operator, considering a Cartesian coordinate system, is expressed
as
v · ∇ = vx
∂
∂x
+ vy
∂
∂y
+ vz
∂
∂z
(2.8)
where v = (vx, vy, vz) is the velocity field.
Applying the continuity equation, the advection of the temperature field is described
by (Kreith et al., 2011):
∂T
∂τ
+∇ · (T · v) = 0 (2.9)
Assuming an incompressible fluid, the velocity field satisfies the condition
∇ · v = 0 (2.10)
and then equation 2.9 becomes
∂T
∂τ
+ v · ∇T = 0 (2.11)
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If stationary conditions are taken into account, since T does not vary in time it is
∂T
∂τ
= 0 (2.12)
and therefore equation 2.11 assumes the form
v · ∇T = 0 (2.13)
If the characteristics of the flow field are considered, two different types of convection
are usually distinguished (Kreith et al., 2011):
• free (or natural) convection, due to the buoyancy forces that result from the density
variations because of the temperature differences in the fluid: the warmer and less
dense fluid volume tends to move upwards, whereas the colder (and more dense)
volume of the fluid sinks;
• forced convection, which occurs if a fluid is forced to flow by external forces (as
it happens with groundwater flow, for example), creating a induced convection to
such extent that the density differences can be neglected.
2.2 Groundwater flow
The presence of flowing water around a borehole heat exchanger, i.e. occurring of forced
convection, resulting in an improvement of the heat transfer between the ground and the
BHE. Therefore, understanding the behavior of the water below the ground surface is very
important in design of GSHP systems.
Under the ground surface, two zones are usually distinguished(see figure 2.2), in ac-
cordance with the water content (Civita, 2005, Sharp, 2007):
• the vadose zone, characterized by a pressure less than atmospheric; it is further
divided in unsaturated zone, where soil or rock pore spaces are generally filled
with both liquid water and air, and the capillary fringe, or zone, where the medium
is saturated or partially saturated by capillary rise from the phreatic zone (Civita,
2005);
• the phreatic zone, or zone of saturation, where pores are fully saturated and water
exists at pressures greater than atmospheric.
The surface where the water in the pores is at atmospheric pressure separates phreatic
and vadose zones is called water table (Sharp, 2007). The term groundwater refers to
water of the phreatic zone, i.e. beneath the water table.
Groundwater flows in soil pore spaces and/or in the fractures of bedrock. According
to the definition given by Driscoll (1986) we talk about aquifer referring to a “formation,
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Figure 2.2 – Schematic representation of vadose (divided in unsaturated zone and capillary fringe)
and phreatric zones under the ground surface.
group of formations, or part of a formation that contains sufficient saturated permeable
material to yield economical quantities of water to wells and springs”. If an aquifer is
bounded between two or more layers with low permeability and does not have a water
table (i.e. the pressure at the upper confining layer is higher than atmospheric), then it is
called confined (Civita, 2005, Sharp, 2007), while we speak of unconfined aquifer if its
upper surface is the water table (Civita, 2005, Sharp, 2007).
In practice, borehole heat exchangers penetrate unconfined aquifers and/or, at greater
depths, confined aquifers. The Darcy’s law is a constitutive equation that describes the
flow of a fluid through a porous medium and is commonly used to model the flow in the
phreatic zone of groundwater systems. It reads
U = k · i (2.14)
where k is the hydraulic conductivity (considering the ground as isotropic) and i the hy-
draulic gradient defined as the change in hydraulic head h moving along the x-direction
([m m−1]):
i =
dh
dx (2.15)
The volumetric flow rate per unit of cross-sectional area (or volumetric flux, according
to Reible, 1998), U, has unit of velocity ([m3·s−1/m2] = [m s−1]) and represents the
discharge per unit area.
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Despite the Darcy’s equation (eq. 2.14) is valid only for porous media, much research
demonstrate that if a sufficiently large volume of fractured rock is considered, the hy-
draulic flow is reasonably well represented by an equivalent continuum model, i.e. by a
flow through a porous medium (Gehlin, 2002). Therefore, the Darcy’s law may be con-
sidered valid also for the fractured rock volume if an equivalent hydraulic conductivity is
considered.
2.2.1 Investigation of the groundwater properties using heat
The idea to use the heat as groundwater flow tracer to investigate thermal and hydraulic
properties was proposed and developed in different ways by several authors (Lapham,
1989, Taniguchi, 1993, Constantz et al., 2003, Anderson, 2005, Giambastiani et al., 2013).
Lapham (1989) published a methodology for using vertical temperature profiles be-
neath stream to quantify the interaction between groundwater and streams. He analyzed
deep temperature profiles at various times of the year to estimate hydraulic parameters
below the streams along the eastern United States.
Taniguchi (1993) introduced a type-curve method to estimate downward and upward
groundwater fluxes by using temperature-depth profiles in relatively shallow aquifers.
A comparison between heat and bromide as groundwater tracers was developed by Con-
stantz et al. (2003). The authors focused on the differences in the nature of conservative
(bromide) versus non-conservative (heat) tracers. They noted that when preferential flow-
path are present the heat dissipation into the surrounding “edges or walls” of the prefer-
ential flow-path could “mask” the real preferential way.
A critical synthesis of the whole of the works on the heat as a groundwater tracer was
made by Anderson (2005). The author made an overview of historical background, the ba-
sic theory of heat transport and concluded that the analysis of temperature measurements
ought to be a standard tool in the hydrologist’s toolbox.
According to Giambastiani et al. (2013) heat as a tracer cannot be used to determine
convection-related parameters in fine-grained alluvial sediments; anyway, temperature in
the most cases is just one very cost-effective tool for groundwater system understanding
but inaccurate results can still be gained using only temperature as a tracer if we con-
sider a system characterized by slow groundwater velocities and dominated by conduction
(Giambastiani et al., 2013).
The idea to use the temperature gradient to figure out the thermal properties of the
underground was further developed considering the possibility to analyze the tempera-
ture variations induced by a thermal probe. In fact, water flow produces temperature
gradients around the probe’s heater that are detected by temperature sensor (thermistors)
symmetrically placed at given distance around the heater (Guaraglia et al., 2009). More-
over, according to Metzger et al. (2004), when heat is injected into a water-saturated soil
and flow velocity increases, the hydrodynamic dispersion of heat also increases, giving
additional indications about groundwater properties.
A technology, called the In Situ Permeable Flow Sensor, was developed by Ballard
(1996). These sensors are able to measure the direction and magnitude of the full three-
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dimensional groundwater flow velocity vector in unconsolidated, saturated, porous media,
using a thermal perturbation technique. The velocity measured is an average value char-
acteristic of an approximately 1 m3 volume of the subsurface. According to the author,
the technology is able to measure flow velocities in the range of 5 · 10−9 to 1 · 10−6 m s−1,
depending on the thermal properties of the medium in which it is buried.
Guaraglia et al. (2008) presented and validated through laboratory tests an electrical
model for representing an instrument consisting of a central heater surrounded by thermis-
tors. Numerical results suggested to the authors that using a constant temperature heater
allows to extend the measuring range of these probes.
Guaraglia et al. (2009) introduced a rotary thermal probe for determine flow velocities
and direction. Numerical simulations suggested that the probe should work properly with
flow velocities up to about 0.30 m s−1 despite the authors tested it only with flow velocities
up to 0.03 m s−1.
2.3 Transient heat transfer models
Heat transfer in the ground is influenced by several factors, such as the thermal properties
of the soil or rock, the initial ground temperature distribution, the moisture content, the
intensity and orientation of groundwater flow, possible freezing and thawing in the soil.
The presence of such many different factors, connected among each other and competing
in the heat transfer, means that developing an accurate model to describe the temperature
response is non trivial.
Two different approaches, the infinite line source (Ingersoll et al., 1954) and infinite cylin-
drical source (Ingersoll et al., 1954, Carslaw and Jaeger, 1959), are the starting point for
most of the following models developed over the years, in order to solve the transient heat
transfer problem.
Infinite line source and infinite cylindrical source analytical models
Ingersoll et al. (1954) implemented a radial heat transfer analytical model based on the
general theory about the heat line source, first developed by Kelvin (1882), giving a sig-
nificant contribution to the modeling of BHEs. In the infinite line source (ILS) solu-
tion (Ingersoll et al., 1954), the borehole is considered as a line source of infinite length
and surrounded by an infinite homogeneous medium; the heat output is assumed to be
constant. The solution has the following general form (Ingersoll et al., 1954):
T − T0 =
q′
4πλgr
∫ ∞
1
4
Fo
e−u
u
du = q
′
4πλgr
E1
(
1
4Fo
)
(2.16)
where E1 is the exponential integral function and Fo is the Fourier number (defined as
given below, in equation 3.13).
Equation 2.16 is an exact solution to the radial conductive heat transfer in a plane per-
pendicular to the line source. The exact integral has been approximated using simpler
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algebraic expression and it was tabulated by Ingersoll et al. (1954) and, thereafter, by
other researchers. The line source model is reasonably accurate to predict the tempera-
ture response of a BHE for medium- to long-term ranges (Fo > 20, according to Ingersoll
and Plass, 1948), because for the shorter time scales the solution is distorted, due to the
line source assumption (i.e. geometric approximation). Moreover, because of the assump-
tion of infinite length, ILS solution neglects any variation with depth and any interaction
with the ground surface (end effects).
An other analytical way to compute the thermal response of a BHE is the infinite
cylindrical source (ICS). Also in this model, as well as in the ILS, the heat output is
assumed constant, the length of the source is considered infinite, which means ignoring
the end effects, and the borehole is considered surround by an infinite and homogeneous
medium. Moreover, also the thermal capacities of the fluid and of the backfill in the BHE
are neglected. This approach provides a transient solution for the radial conductive heat
transfer from a cylindrical heat source, which represents the borehole outer boundary;
therefore the real geometry of the problem is taken into account. The solution proposed
by Carslaw and Jaeger (1959) is:
T − T0 =
q′
λgr
1
π2
∫ ∞
0
e−u
2Fo − 1
J21(u) + Y21(u)
[J0(r∗u)Y1(u)− J1(u)Y0(r∗u)]
du
u2
(2.17)
where Ji and Yi are the Bessel functions of first and second kind, respectively, and order
ith.
The integral in equation 2.17 is usually referred as the G-factor in literature. Also the G-
factor, as the exact integral in equation 2.16, has been approximated using various tabular
and algebraic expressions (Ingersoll et al., 1954, Kavanaugh, 1985).
2.3.1 Numerical and analytical methods accounting for the effects of
groundwater flow
As can be seen, ILS and ICS models are relatively simple approaches and therefore they
do not consider few major concerns, meaning that both solutions give relatively precise
results only if certain conditions are met:
• the internal thermal resistance of the BHE has to be minimized;
• the vertical distribution of the thermal conductivity layers needs to be as homoge-
neous as possible;
• the groundwater flow which improves the horizontal heat transfer rate has to be
absent or, at least, minimal.
In this work, we focus, in particular, on the last condition.
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ILS and ICS models consider the heat transfered by conduction only, completely ne-
glecting the contribution of the advection to the heat transfer efficiency of BHEs. Start-
ing from the two solutions presented by Ingersoll et al. (1954) and Carslaw and Jaeger
(1959), other authors investigated analytically and/or numerically the effects of ground-
water flow: Eskilson (1987), Chiasson et al. (2000), Gehlin and Hellstro¨m (2003), Diao
et al. (2004), Fan et al. (2007) among others, while Kavanaugh and Rafferty (1997) took
it into account in their design method.
The investigation carried out by Eskilson (1987), had the aim to describe analytically
the effects of stationary groundwater filtration through homogeneous, isotropic, cracked,
rocky soil, in the case of single vertical borehole. The author assumed very precise hy-
draulic parameters: hydraulic conductivity and the hydraulic head gradient, equal to 10−6
m s−1 and to 1/66 (∼1.5%) m m−1, respectively. According to the obtained results, Eskil-
son (1987) claimed that, with the considered parameters, the influence of natural ground-
water advection is negligible. Moreover, he numerically modeled the thermal response of
BHE using the non-dimensional thermal response function, also know as g-function in lit-
erature. The finite-length line source model presented by Eskilson was the very first model
that accounts for the long-term influence among boreholes in a very exact way using the
superposition principle, although the thermal capacity of boreholes was ignored.
Kavanaugh and Rafferty (1997) proposed a method based on the ICS model by Carslaw
and Jaeger (1959). They assumed constant heat flux from the borehole surface and intro-
duced a temperature penalty in order to take into account the mutual interaction among
several boreholes. In their model Kavanaugh and Rafferty (1997) also took into account
the effects of groundwater flow on the heat transfer efficiency, using a simple, but heuris-
tic, prescription to reduce the temperature penalty value when significant groundwater
flow occurs.
A finite-element groundwater flow and heat transfer model was developed by Chias-
son et al. (2000). The proposed numerical solution allows to simulate forced convection
of heat from a single U-pipe BHE for certain geo-hydrological conditions. In particu-
lar, the authors replicated the operative conditions typical of thermal response tests and
used the traditional inversion method (Eklo¨f and Gehlin, 1996, see section 2.5.1) to obtain
the effective thermal conductivities. Results suggest that current design and in-situ mea-
surement methods are not capable to account for significant groundwater flow, despite the
advection of heat by groundwater flow significantly enhances heat transfer due to the high
hydraulic conductivity of the geologic materials, such as sands, gravels, and formations
showing secondary porosity (fractures and solution channels).
More recently, Gehlin and Hellstro¨m (2003) developed and compared different models
to investigate the influence from regional groundwater flow on the heat transfer around a
single BHE in cracked, rocky soils. They computed three distinct two-dimensional, finite-
difference models, representing the fractured rock volume as:
• equivalent, homogeneous porous medium,
• groundwater flows through a single fracture of assigned width and distance from
the borehole,
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• groundwater flows through a single plane vertical fracture (slot) at varying distances
from the borehole.
The results showed that in all cases, relatively low hydraulic flow rates may significantly
enhance the heat transfer, which means that the borehole temperature change is consider-
ably lower than in the case of pure heat conduction, even through a model simulating the
ground as continuous porous media.
Diao et al. (2004) derived a transient, two-dimensional, analytical solution for con-
vective heat transfer around vertical borehole heat exchangers. The analytical solution
by Diao et al. (2004) reveals several features of the considered heat transfer process. The
temperature field loses its axial symmetry and is affected towards the flow direction. In
addition, steady-state conditions are attained asymptotically when groundwater advection
occurs. Diao et al. also computed the time-rate of change of the borehole average surface
temperature, which is of great importance in the design of BHE systems. The analytical
solution by Diao et al. (2004), which is more exhaustively evaluated in section 3.3, may
be used as a building block for calculating the temperature distribution in a borehole field,
by the superposition principle.
A further two-dimensional, numerical model for the simulation of a field of vertical
geothermal boreholes, taking into account significant groundwater advection, was devel-
oped by Fan et al. (2007). The authors used an equivalent single pipe to represent the
actual U-shaped pipe, as proposed by Yian and O’Neal (1998). The equivalent single
pipe configuration enables to simplify the problem to a 2D plane-symmetric model, with
a considerable reduction of the total number of calculation cells (Gustafsson, 2010). The
heat capacity of both the equivalent pipe and the heat carrier fluid were taken into account
and a unidirectional groundwater field was assumed over the entire numerical domain.
Also freezing and thawing of the soil moisture was considered. The resulting set of partial
differential equations was solved by the finite-volume method and the obtained results are
in good agreement with the analytical solution by Diao et al. (2004). The study highlights
that the presence of groundwater flow has a variable, though always significant, impact
on the heat transfer between the borehole field and the surrounding soil, depending on
the operating conditions. The model suggested by Fan et al. (2007) is used to simulate
the heat transfer between a borehole field and the surrounding soil during both winter and
summer operating conditions, with different groundwater velocities.
Molina-Giraldo et al. (2011) proposed a new analytical solution for the flow and heat
transfer around a vertical, finite line source (MFLS model) that accounts for groundwater
flow. MFLS model was compared with existing analytical solutions such as the purely
conductive finite line source model (FLS, Eskilson, 1987, Zeng et al., 2002, Marcotte
et al., 2010, Lamarche and Beauchamp, 2007), the moving infinite line source model
(MILS, Diao et al., 2004, Sutton et al., 2003) and with a numerical solution. The pro-
posed analytical approach can be applied to all groundwater flow conditions and borehole
lengths. The authors claimed that FLS model can be reliably applied for Pe´clet num-
bers lower than 1.2, while the MILS approach yields accurate results for Pe´clet numbers
higher than 10; for a Pe´clet number range between 1.2 and 10, the use of the MFLS model
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is suggested (Molina-Giraldo et al., 2011).
2.4 Darcy and Brinkman assumptions in heat transfer
problems
In geothermal applications, groundwater flow is perpendicular to the cylinder (the BHE)
axis and has a velocity sufficiently large to neglect the buoyant force caused by tempera-
ture differences, but small enough to ensure the validity of Darcy law to describe the flow
in the porous medium. However, the approximation introduced by the Darcy equation
(eq. 2.14) neglects the actual behavior of the fluid flow near solid surfaces since it does
not include any term referring to the viscous effects, necessary to describe the formation
of the hydrodynamic boundary layer.
According to Nield and Bejan (2006), the Brinkman-Forchheimer-extended Darcy
equation may be used to describe momentum transport in porous substrates bounded by
solid surfaces. In particular, the Brinkman term permits to describe the viscous effects
and allows the imposition of the no-slip boundary condition at the borehole surface. A
more detailed mathematical discussion about the implication of the Darcy and Brinkman
equations (eq. 2.14 and 3.9, respectively) in heat transfer model described in chapter 3 is
presented in section 3.2.1.
The heat transfer problem in presence of groundwater flow, considering or not the for-
mation of the viscous boundary, is approached by different authors.
The Darcy assumption was used, among the others, by Kimura (1989) which considered
forced convection around a cylindrical heat source embedded in a homogeneous porous
medium. In his study, Kimura (1989) demonstrated analytically and numerically that the
time to attain steady-state conditions is inversely proportional to the Pe´clet number.
According to the results reported by Evans and Plumb (1978), in case of forced convection
past a vertical isothermal surface, the viscous boundary is negligible only for relatively
low Darcy numbers (eq. 3.10), while for higher values of the Darcy number it is necessary
to include the Brinkman term in order to obtain better prediction of the heat transfer.
The influence of solid boundaries and inertial forces on the flow and heat transfer in
porous media was also investigated by Vafai and Tien (1981). The results presented
by Vafai and Tien (1981) suggest that the boundary effect is confined in a very thin mo-
mentum boundary layer, though the boundary effect on heat transfer can be quite impor-
tant for high Prandtl number fluids. In fact, with these conditions, the thermal boundary
layer is thinner than the momentum boundary layer.
Vafai (1984) analyzed the effects of variable porosity and inertial forces on convective
heat transfer in porous media. Moreover, he specifically examined the forced convection
in packed beds in the vicinity of an impermeable boundary. This study (Vafai, 1984) estab-
lished that the velocity field uniquely depends on the wall-normal coordinate and showed
that the Darcy law could provide a better approximation, to account for the variable-
porosity effects, than using the Darcy-Forchheimer equation.
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Kuznetsov (1999) used the boundary layer approximation to investigate the forced con-
vection from a flat plate covered by a porous substrate. According to his results, the
thickness of the boundary layer decreases with decreasing Darcy number.
A further study, performed by Nield and Bejan (2006), analyzes the differences between
the Brinkman and the Darcy models in the description of convective heat transfer in
porous media. The conclusion of the authors indicates that the two models show rel-
evant discrepancies only for high local Darcy numbers and for large wall temperature
variations. In addiction Nield and Bejan (2006) highlighted, in agreement with Evans
and Plumb (1978), that when the Darcy number is sufficiently small, the velocity profile
is approximately uniform and consequently the presence of the hydrodynamic boundary
layer is negligible.
Not consider the development of the hydrodynamic boundary layer may imply an
overestimation of heat transfer efficiency, since the lower velocity of the fluid close to the
borehole wall is not taken into account. In this thesis, an investigation on the effect of the
assumption of not-development of the hydrodynamic boundary layer on the heat transfer
is made, considering the range of the Darcy number that includes the larger part of BHE
practical applications.
2.5 Thermal Response Test
In order to design properly a BHE, as well as a borehole thermal energy storage (BTES)
system, the knowledge of the ground thermal properties of the site is fundamental, since
they strongly affect the performance and design of the heating/cooling pant.
The thermal response test (TRT) is a in-situ method to obtain information of thermal
properties in and around the borehole. According to Mogensen (1983) who first pre-
sented the method, the TRT evaluation allows to include also the effect of convective heat
transfer, unlike the laboratory analysis and investigation of rock core samples.
The idea, suggested by Mogensen (1983), behind the TRT analysis is to determine the
thermal conductivity of the ground (λ) and the thermal resistance within the borehole (Rb)
by injecting a constant heat power into a borehole with known depth and radius. Then,
measuring the inlet and outlet temperatures (Tin and Tout, respectively) of the heat carrier
fluid during a period of time, the mean temperature Tf is determine for different values of
τ (time). The heat carrier fluid temperature Tf is defined as the average of the inlet and
outlet temperatures:
Tf =
Tin + Tout
2
(2.18)
In order to understand how to evaluate λ and Rb from Tf , a dissertation on the math-
ematics, as described by Mogensen (1983), Eskilson (1987), Hellstro¨m (1994) and Eklo¨f
and Gehlin (1996) is reported here.
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2.5.1 Mathematical model in TRT analysis
When the heat is injected into the ground, a thermal process rises. At the beginning,
the temperature of the ground increases, giving accomplishment to the transient process.
Eventually, if the amount of heat which leaves the ground through the surface is equal to
the rate injected into the borehole, then the steady state is reached.
Figure 2.3 – Schematic representation of the BHE geometry.
If only the conductive heat transfer is taken into account and the transient process is
considered, the wall temperature Tb, of a hypothetical infinite BHE, at the generic time τ
will be
Tb(τ) = T0 +∆Tb(τ) (2.19)
where T0 is the undisturbed ground temperature, while ∆Tb(τ) represent the change on
borehole-wall temperature at the time τ due to the heat injection.
Considering a point source it is possible to evaluate the largeness of the temperature
variation, deriving from equation 2.2, as suggested by Carslaw and Jaeger (1959, ch. 10)
and reported by Eklo¨f and Gehlin (1996).
Hence, a point source with power q˜′ [W m−1] and located in (x′, y′, z′) is assumed,
while the initial temperature of the ground is considered equal to 0◦C. Introducing the
distance r˜ between the source and the point P (x, y, z), defined as
r˜ =
√
(x− x′)2(y − y′)2(z − z′)2 (2.20)
at the time τ = 0, the temperature TP in P reads
TP (r˜, τ) =
q˜′
8(πλτ)
3
2
e−
r˜2
4ατ (2.21)
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Approximating the borehole with a infinite line source which goes through the point
(x′, y′) and is parallel to z-axis, equation 2.21 must be integrated, resulting
TP (r, τ) =
q˜′
8(πλτ)
3
2
∫ +∞
−∞
e−
r˜2
4ατ dz′ =
q
4πλτ
e−
r2
4ατ (2.22)
where r =
√
(x− x′)2(y − y′)2.
Considering to inject the power Φ(τ ′), expressed in [W m−1], starting at τ = 0,
integrating equation 2.22 it results
TP (r, τ) =
1
4πλ
∫ τ
0
Φ(τ ′) e
− r
2
4α(τ−τ ′)
dτ ′
τ − τ ′
(2.23)
which, assuming Φ(τ ′) = q′ and constant, gives
TP (r, τ) =
q′
4πλ
E1
(
r2
4ατ
)
(2.24)
where the exponential integral function E1 means
E1
(
r2
4ατ
)
=
∫ +∞
r2
4ατ
1
s
e−sds (2.25)
Equation 2.24 may also be written as
TP (r, τ) =
q′
4πλ
Eτ
(ατ
r2
)
(2.26)
defying Eτ (t) as
Eτ (t) = E1
(
1
4t
)
=
∫ +∞
1
4t
1
s
e−sds (2.27)
with
t =
r2
ατ
(2.28)
Equation 2.27 describes the temperature change with time at the radial distance r from
the borehole.
According to Carslaw and Jaeger (1959), Eτ may be approximated as
Eτ (t) ≈ ln (4t)− γ −
1
4
(
1
t
−
1
16t2
)
(2.29)
(γ is the Euler’s constant) with a maximum error of 1% for t ≥ 0.5 (Eklo¨f and Gehlin,
1996), while the further simplification
Eτ (t) ≈ ln t− γ (2.30)
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is allowed if the following criteria are satisfied:
t ≥ 5⇒ τ ≥
5r2
α
(2.31)
Accordingly, equation 2.26 can be simplified as
TP (r, τ) =
q′
4πλ
Eτ (t) ≈
q′
4πλ
[
ln
(
4ατ
r2
)
− γ
]
=
Q
4πλH
[
ln
(
4ατ
r2
)
− γ
]
(2.32)
with q′ = Q/H , where Q is the heat injection rate ([W]) and H is the active depth of the
borehole ([m]).
The maximum error using equation 2.32 is ≤ 2% if the time criteria (eq. 2.31) are satis-
fied (Eklo¨f and Gehlin, 1996).
In order to calculate the borehole wall temperature, it is necessary to assign to r the
value rb, which is the radius, in [m], of the borehole wall. Then, equation 2.32 reads
T (rb, τ) = ∆Tb(τ) =
q′
4πλ
[
ln
(
4ατ
r2b
)
− γ
]
; τ ≥
5r2b
α
(2.33)
Combining equations 2.19 and 2.33, the temperature at the borehole wall, at the time
τ during the transient process results:
Tb(τ) = T0 +∆Tb(τ) = T0 +
q′
4πλ
[
ln
(
4ατ
r2b
)
− γ
]
; τ ≥
5r2b
α
(2.34)
In equation 2.34 the relation between the undisturbed temperature of the ground T0
and the temperature of the borehole wall Tb(τ) during the transient process is expressed.
Anyway, in practice it is not easy to measure the borehole wall temperature. Instead, a
very simple procedure and instrumentation is required in order to measure the inlet and
outlet temperature of the heat carrier fluid and subsequently calculate Tf . Therefore, it is
evident that an equation to connect the undisturbed ground temperature with Tf is more
useful.
Hence, taking into account the borehole thermal resistance Rb ([K m W−1]), for the heat
injection results:
Tf − Tb(τ) = Rb · q′ (2.35)
and then, equation 2.34 may be rewrite as
Tf − (Rb · q′) = T0 +∆Tb(τ) = T0 +
q′
4πλ
[
ln
(
4ατ
r2b
)
− γ
]
(2.36)
or else, changing the order of the terms
Tf =
q′
4πλ
[
ln
(
4ατ
r2b
)
− γ
]
+ (Rb · q′) + T0 (2.37)
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Finally, considering the relation between Tf and ln τ it is noticeable that the obtained
equation
Tf =
q′
4πλ
ln τ +
{
q′
[
1
4πλ
(
ln
4α
r2b
− γ
)
− Rb
]
+ T0
}
(2.38)
expresses a linear relation between Tf and ln τ :
Tf = m ln τ + w (2.39)
whit the coefficients m and w given by
m =
q′
4πλ
(2.40a)
w = q′
[
1
4πλ
(
ln
4α
r2b
− γ
)
− Rb
]
+ T0 (2.40b)
Therefore, knowing Tf (by experimental measurements), it is possible to plot the
heat carrier fluid mean temperature Tf against the natural logarithm of the time ln τ and
determine the inclination m considering only the values which satisfy the time criteria
τ ≥ 5r2b/α (according to Gehlin, 1998b, it means ignore the initial 12-20 hours of mea-
surement). The time condition corresponds approximately to the time needed for the
thermal front to cross the the pipe walls, the adjacent fill material and, finally, the bore-
hole wall (Gehlin, 2002). Beyond the borehole wall, the velocity of the thermal front is
dependent on the thermal diffusivity of the ground (Gehlin, 2002).
According to equation 2.40a, the estimated thermal conductivity value results
λ =
q′
4πm
(2.41)
It is very important to remember that equation 2.38 is derived starting from the heat equa-
tion (eq. 2.2) which is the equation that describes the conductive heat transfer process.
This consideration means that in TRT analysis it is assumed that the heat transfer from
the borehole to the ground occurs only by conduction. As a result, in presence of ground-
water flow (i.e. forced convection occurs), the obtained thermal conductivity (called ef-
fective thermal conductivity, λeff ) will be higher of the real thermal conductivity of the
ground (λgr), where real is used to distinguish the pure rock/soil thermal conductivity
from the thermal conductivity obtained by TRT, which is affected also by the convective
contribution to the heat transfer.
The obtained value of λeff is used to calculate a mean value of the borehole thermal
resistance Rb (Eklo¨f and Gehlin, 1996, Kharseh, 2009):
Rb =
w − T0
q′
=
1
4πλ
(
ln
4α
r2b
− γ
)
(2.42)
According to Gehlin (2002), the borehole thermal resistance Rb depends on different fac-
tors, but mainly on the thermal properties of materials involved, as well as on the charac-
teristics of the flow channels, in case of borehole in bedrock. The values observed in field
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tests suggest a range of values from 0.01 K m W−1, if open systems are taken into account,
to 0.20 K m W−1 in case of single U-pipes filled with bentonite grout if no precautions
have been made to keep the pipes close to the borehole wall (Gehlin, 2002).
2.5.2 Thermal Response Test and groundwater effect
Mobile Thermal Response Test is a in-situ measurement apparatus developed by Eklo¨f
and Gehlin (1996), figure 2.4, and Austin (1998) which refined the initial intuition first
suggested by Mogensen (1983). Mogensen (1983) proposed to use the thermal response
test in order to evaluate heat transfer parameters like borehole thermal resistance and ef-
fective bedrock thermal conductivity. In section 2.5.1 the mathematics of the problem has
been described in detail, while to follow an overview of the developments of this investi-
gation method is made, together with an explanation of the measurement procedure.
Figure 2.4 – The mobile thermal response test equipment developed at Lulea˚ University of Tech-
nology (LTU) of Lulea˚, Sweden, in 1996 [from Gehlin, 1998b; photo: Peter Olsson].
After the introduction of the mobile equipment (Eklo¨f and Gehlin, 1996, Austin,
1998), the method started to be used all over the world, allowing more effective design
and prediction of the thermal performance of BHE systems (Nordell, 2011).
According to Gustafsson (2010), the TRT is most commonly performed using a con-
stant heat injection rate, despite there are also equipment which use a constant heat extrac-
tion rate, as reported by Witte (2001), or a constant temperature in the injected fluid (Wang
et al., 2010).
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The evaluated effective thermal conductivity of the bedrock must be greater or equal
than the thermal conductivity that would be obtained by laboratory testing of rock cores.
The reason is that the heat transfer from the borehole does not occur only by heat con-
duction but it is also carried by groundwater movements and in fact, according to Sanner
et al. (2000), groundwater movements influence the test results.
Since when the mobile TRT is presented by Eklo¨f and Gehlin (1996) and Austin
(1998), many studies have been developed to improve this tool. As explained in the
literature presented in section 2.3, the presence of groundwater flow affects the heat trans-
fer between the borehole and the surrounding ground. Eskilson (1987), Chiasson et al.
(2000), Gehlin and Hellstro¨m (2003), Diao et al. (2004) and Fan et al. (2007) investigate
the effects of the presence of groundwater developing analytical and numerical solutions
(see section 2.3).
Also Witte (2001) performed experimental analysis combined with a numerical study
of a clayey cover layer and a water bearing formation consisting mainly of sand. He
placed special attention to the effects of convection in or around the borehole and of the
groundwater flow on the TRT results. The author concluded that it may result in 10-15%
higher estimated value of the effective thermal conductivity because of the phenomena
above mentioned.
The observations reported by Witte (2001) were in accord to the results already reached
by Gehlin and Hellstro¨m (2000), which concluded that the effects of groundwater flow
and of the natural convection in and around the borehole are significant importance to the
thermal performance of the BHEs.
Thermal response test analysis should also be useful in the investigation of groundwa-
ter flow characteristics (Katsura et al., 2006, 2009a,b, Lee and Lam, 2009, Chiasson and
O’Connell, 2011).
Katsura et al. (2006) and Katsura et al. (2009b) proposed a method based on the mov-
ing line heat source theory, which can estimate the groundwater velocity. The obtained
relative errors, for the estimated groundwater velocities, fall between 0.7% and 19.1%.
Katsura et al. (2009a) suggested that calculating the continuous temperature gradi-
ent of a thermal medium during a TRT is an effective method to detect the presence of
groundwater flow.
A three-dimensional finite difference model for the borehole ground heat exchanger
was used in TRT analysis to determine the ground thermal conductivity, borehole ther-
mal resistance and groundwater velocity simultaneously, using the parameter estimation
technique (Lee and Lam, 2009). This method is reliable only with groundwater veloci-
ties higher than 2 · 10−7 m s−1, but extending the test period could reduce this “confident
minimum” (Lee and Lam, 2009).
Also Chiasson and O’Connell (2011) used the parameter estimation technique, al-
though in conjunction with three different analytical solutions (the so-called moving line
source solution, the g-function and the mass transport solution adapted using a mass-heat
transport analogy) and TRT data; ground thermal conductivity, groundwater velocity and
borehole thermal resistance were estimated. The results suggest that thermal dispersion
is an important parameter in subsurface heat transfer, at least in situations with relatively
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high groundwater flow rates.
2.5.3 Measurement procedure
Figure 2.5 – Schematic representation of the thermal response test setup [modified from Gehlin,
2002].
From a practical point of view, collecting data for the TRT analysis is quite simple,
since the test is fully automatic as soon as it has started. Once the borehole collector pipes
are connected to the equipment, the heat carrier fluid is pumped through the system in
a closed loop and the inlet and outlet fluid temperatures are automatically recorded at a
pre-set time interval by a data-logger, together with ambient air temperature (see scheme
in figure 2.5).
After 20-30 minutes of heat carrier fluid circulation without heating, the mean fluid
temperature Tf is considered thermally equilibrated with the ground and then the Tf value
at that time is assumed equal to the undisturbed mean ground temperature T0 (Gehlin,
1998b).
Therefore, the heater is switched on and the carrier fluid, which passes through it,
collects the heat supplied by the heater and is pumped through the borehole. Also the
power supply should be recorded during the measurements in order to determine the actual
injected power Q.
Regarding the duration of the test, Kharseh (2009) proposed a general rule, which is
to extend the measurement until the change in estimated value of λeff is insignificant.
This means that the test duration could be very different depending on the characteris-
tics of the experimental site. Anyway, Yavuzturk (1999) suggested a minimum time not
less than 50 hours, in order to avoid significant uncertainty associated with the thermal
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conductivity estimation, meanwhile other authors (Gehlin, 2002, Kharseh, 2009, Gustafs-
son, 2010) recommended a test duration of 60-72 hours, since if groundwater flow oc-
curs, the estimated thermal conductivity and borehole thermal resistance increase with
time (Yavuzturk, 1999, Gehlin et al., 2003).
All the exposed parts between the borehole and the response test apparatus (e.g. the
connection pipes) must be insulated in order to avoid, as much as possible, energy losses,
as well as the influence of temperature changes in the ambient air.
Chapter 3
Effects of line source assumption in
presence of groundwater flow
3.1 Introduction
In this chapter, the efficiency of the heat exchange between a borehole surface and the
surrounding ground, with significant groundwater flow, is investigated.
Two-dimensional numerical simulations, without resorting to the line-source assump-
tion, are computed assuming a steady and horizontal groundwater flow around a single
borehole and neglecting gravitational effects. The soil surrounding the BHE is considered
both thermally and hydraulically homogeneous and isotropic. More detailed description
of the numerical model is given in section 3.2.2. In the numerical simulations, a wide
range of Pe´clet numbers is considered, in order to encompass most of real applications,
according to the data on existing vertical GSHP systems collected and reported by Chias-
son et al. (2000) and Diao et al. (2004).
The aim of this chapter is to increase the theoretical knowledge about the heat transfer
between BHE and the surrounding ground, in presence of groundwater flow. In particular,
the following issues are addressed:
• compare a solution calculated using the Darcy model with the results obtained con-
sidering the Darcy-Brinkman equation in order to verify if the Darcy assumption
is sufficiently accurate to model the heat transfer at the considered values of the
Darcy number, although the viscous effects and consequently the formation of the
hydrodynamic boundary layer are neglected;
• compare the present results, obtained by numerical simulations, with the analytical
solution proposed by Diao et al. (2004), in order to define the regions of space
and time where the analytical solution is affected by the effects of the line source
assumption, in both the case of single BHE and borehole field.
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3.2 Methodology
3.2.1 Mathematical model
Figure 3.1 – Fluid flow and heat transfer configuration.
The considered flow and heat transfer configuration is shown in figure 3.1. As above
mentioned, a two-dimensional model is used. This choice implies that any variation with
depth and any interaction with the ground surface are neglected; on the other hand, the
approximation affects a limited zone, if compared to the mean total length of a BHE. The
soil surrounding the borehole is considered as a homogeneous, isotropic porous matrix
crossed by a uniform flow of incompressible, constant-property fluid flows. The flow is
deflected by the borehole surface, which is assumed as impervious.
Flow equation - Darcy assumption
In the classical Darcy model (see section 2.2) no hydraulic boundary layer develops on
the borehole surface since the fluid is assumed inviscid. According to Bear (1972), the
specific discharge is related to the pressure gradient:
u = −
κ
µw
∇pw (3.1)
As the flow is assumed horizontal and fully incompressible, in equation 3.1 gravitational
effects are neglected and therefore the steady-state continuity equation reads (Bear, 1972):
∇2pw = 0; r ≥ rb (3.2)
Consequently, the following boundary conditions hold:
−
κ
µw
∂pw
∂x
−→ U; r −→ +∞ (3.3a)
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∇pw · n = 0; r = rb (3.3b)
In order to reduce the number of free parameters, the following non-dimensional quan-
tities are introduced:
• non-dimensional pressure p∗w:
p∗w ≡
pw κ
µw U rb
(3.4a)
• non-dimensional coordinates:
x∗j ≡
xj
rb
; r∗ ≡
r
rb
(3.4b)
• non-dimensional specific discharge:
u∗ ≡
u
U
(3.4c)
According to equations 3.4, the non-dimensional form of equations 3.2 and 3.3 becomes:
∇2
x∗
p∗w = 0; r
∗ ≥ 1 (3.5a)
∂p∗w
∂x∗
→ −1; r∗ → +∞ (3.5b)
∇p∗w · n = 0; r
∗ = 1 (3.5c)
showing that p∗w is a universal function:
p∗w = p
∗
w (r
∗, ϕ) (3.6)
The analogy between the present flow field and the incompressible, irrotational flow past
a circular cylinder yields the analytical solution proposed by Spurk (1997) for p∗w:
p∗w = −
(
1
r∗
+ r∗
)
sinϕ (3.7a)
u∗x = 1−
cos (2ϕ)
r∗2
(3.7b)
u∗y =
sin (2ϕ)
r∗2
(3.7c)
From figure 3.2, which represents the streamlines of the velocity field (eq. 3.7), it is
evident that the flow field is symmetric and does not develop a wake region.
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Figure 3.2 – Streamlines of the velocity field (eq. 3.7).
Flow equation - Brinkman assumption
An alternative to Darcy equation is what is commonly know as Brinkman equation. Ac-
cording to Nield and Bejan (2006), omitting the inertial terms, this equation may be ex-
pressed as
∇pw = −
µ
κ
u + µ∇2u (3.8)
In equation 3.8, two viscous terms are present: the first is the usual Darcy term, while the
second is analogous to Laplacian term that appears in Navier-Stokes equations (Nield and
Bejan, 2006). According to Brinkman (1947a,b), the viscosities coefficients µ and µ are
set equal to each other.
Therefore, since the flow rate is assumed sufficiently low, it is possible to derive
from equation 3.8 the following non-dimensional, volume-averaged, steady-state Navier-
Stokes equations for a homogeneous, isotropic porous medium (Whitaker, 1999):

−
ǫp
Da
(u∗ +∇p∗w) +∇
2u∗ = 0
∇ · u∗ = 0
(3.9)
whit the Darcy number defined as:
Da =
κ
r2b
(3.10)
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Equation 3.9 allows to describe the actual behavior of the groundwater close to the bore-
hole surface, taking into account the viscous effects.
Energy equation
Starting at time τ = 0, a uniform heat flux is released from the borehole surface; its
propagation through the soil, by advection and diffusion, entails the development of an
unsteady thermal disturbance.
The soil is assumed thermally homogeneous and isotropic and the thermophysical
properties of both the soil and the fluid are considered as constant. In addition, thermal
equilibrium between the fluid and the surrounding soil is assumed (Bear, 1972).
Under these assumptions, the energy equation with initial and boundary conditions,
may be cast as:
(ρc)gr
∂T
∂τ
+ (ρc)w u · ∇T = λgr∇
2T ; τ > 0, r > rb (3.11a)
T = T0; τ = 0, ∀ r ≥ rb (3.11b)
T = T0; τ > 0, r → +∞ (3.11c)
−λgr
∂T
∂n
= q′′; τ > 0, r = rb (3.11d)
The quantities of the porous medium as a whole (denoted by the subscript gr) are calcu-
lated by the weighted average between soil/rock and water properties:
(ρc)gr = ǫp (ρc)w + (1− ǫp) (ρc)r (3.12a)
λgr = ǫp λw + (1− ǫp) λr (3.12b)
As in the case of the continuity equation and related boundary conditions, non-dimensional
groups are introduced in order to reduce the number of free parameters:
• Fourier number:
Fo =
λgr τ
r2b (ρc)gr
(3.13)
• Pe´clet number:
Pe =
U rb (ρc)w
λgr
(3.14)
• Non-dimensional excess temperature:
Θ =
λgr (T − T0)
q′′ rb
(3.15)
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Consequently, the non-dimensional energy equation, the initial and the boundary condi-
tions (eq. 3.11) become:
∂Θ
∂Fo
+ Pe u∗ · ∇x∗Θ = ∇2x∗Θ; Fo > 0, r∗ ≥ 1 (3.16a)
Θ = 0; Fo = 0, r∗ ≥ 1 (3.16b)
Θ = 0; Fo > 0, r∗ → +∞ (3.16c)
∂Θ
∂n
= −1; Fo > 0, r∗ = 1 (3.16d)
From equations 3.16 it is possible to notice that the dimensionless excess temperature
depends on position, (r∗, ϕ), on the dimensionless time Fo and on the dimensionless
time-scale of advection Pe, resulting:
Θ = Θ(r∗, ϕ,Fo,Pe) (3.17)
On the other hand, if the Brinkman model is considered, the non-dimensional excess
temperature also depends on the quantity ǫp/Da, according to equations 3.9 and then
equation 3.17 must be rewritten as:
Θ = Θ
(
r∗, ϕ,Fo,Pe,
ǫp
Da
)
(3.18)
3.2.2 Numerical model
Figure 3.3 – Computational domain, with indication of the boundary conditions.
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A two-dimensional numerical model is developed to compute the temperature distri-
bution around a BHE, due to a transient heat transfer from the borehole and the surround-
ing ground.
The groundwater flow is assumed as steady and horizontal, while the gravitational
effects are neglected. The real shape of the borehole is taking into account (i.e. without
resorting to the line-source assumption) and the soil surrounding the BHE is considered
both thermally and hydraulically homogeneous and isotropic. The solution for the temper-
ature field is advanced in time until steady-state conditions are attained (see section 3.2.3).
In order to solve numerically the energy conservation equation with the appropri-
ate initial and boundary conditions (eq. 3.16), the commercial finite element package
COMSOL Multiphysics R© (v4.2) is used. In figure 3.3 the schematic of computational
domain, with indicated also the boundary conditions, is showed.
Exploiting the symmetry of the velocity field (eq. 3.7, figure 3.2) and of the resulting
excess temperature distribution Θ (which depends on cosϕ, according to eq. 3.25 pro-
posed by Diao et al., 2004), the computational domain dimension perpendicular to the
flow direction is reduced, with a considerable decrease of the total number of calculation
cells and a consequently shortening of the computational time. A further reduction of the
computational domain dimensions has been possible setting a Dirichlet condition instead
of the far-field boundary condition (eq. 3.16c): the temperature field on the boundary is
computed by the analytical solution (eq. 3.25), allowing again to shortening the compu-
tational time preventing artificial influences on the numerical solution. Results of simula-
tions carried out on a much wider domain (300m × 600m), for the extreme values of the
considered range of Pe´clet (Pe = 2.54 · 10−8 and Pe = 1.5, see table 3.2), do not show
significant differences with the reported results (percentage errors on Θb,s always lower
than 10−8%).
All computations are carried out on a mesh encompassing 6 · 104 quadrilateral, fifth-
order Lagrange elements. The grid-independence of the reported results is verified re-
peating the simulations for Pe = 2.54 · 10−8 and Pe = 1.5 on a finer mesh consisting
of 13.5 · 104 quadrilateral elements. The relative errors on Θb,s for the two cases are
1.7 · 10−9% and 1.1 · 10−6% respectively, indicating an adequate resolution of the coarser
mesh.
3.2.3 Representative hydraulic and thermophysical parameters
The Pe´clet number is used to quantify the relative importance of the advective and the
diffusive heat transfer. When the mean grain size is chosen as the characteristic length
in the definition of the Pe´clet number, it is possible to predict which is the dominant
mass-transport process (Bear, 1972). In particular, Bear (1972) suggested that diffusion
prevails for Pe . 0.4, while advection dominates for Pe > 5. According to Collins
(1961), a representative mean grain size may be defined as
dp ≡
√
κ
ǫp
(3.19)
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and, consequently, the associated Pe´clet number may is written as
Pedp =
U dp (ρc)w
λgr
=
U (ρc)w
λgr
√
κ
ǫp
= Pe
√
Da
ǫp
(3.20)
Figure 3.4 – Pe and Pedp versus Da/ǫp. Each type of soil or rock is identified as S#, where #
denotes the notation illustred in table 3.1. Circle-markers: Pe versus Da/ǫp; square-markers: Pedp
versus Da/ǫp. Solid lines represent the regression functions 3.21a and 3.21b, respectively.
Typical values of hydraulic and thermal properties of soil and rocks encountered in
practical GSHP applications were reported by Chiasson et al., 2000 and Diao et al., 2004
(see table 3.1). Also the characteristic length- and time-scales of the associated convec-
tive heat transfer process had been calculated by Diao et al. (2004). Both Pe´clet numbers,
Pe and Pedp , have been computed from the aforementioned data with respect of the di-
mensionless hydraulic permeability Da/ǫp. The obtained correlation is represented in
figure 3.4, together with the corresponding linear-regression curves, which are given by
Log (Pe) = 1.110Log
(
Da
ǫp
)
+ 7.949 (3.21a)
Log
(
Pedp
)
= 1.610Log
(
Da
ǫp
)
+ 6.709 (3.21b)
From figure 3.4 it is noticeable that the Pe´clet number sharply increases linearly with
Da/ǫp. This evidence suggests that groundwater advection could contribute significantly
to the heat transfer from a vertical borehole in coarse-grained soils (gravels and sands:
samples S1, S2, S3) and in rocks exhibiting secondary porosity (solution channels and
fractures: samples S7, S10), fully in agreement with the results presented by Chiasson
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Table 3.1 – Typical values of hydraulic and thermal properties of soils and rocks (Chiasson et al.,
2000, Diao et al., 2004).
S# Medium ǫp u λgr (ρc)gr
[−] [m s−1] [W m−1 K−1] [J m−3 K−1]
1 Gravel 0.31 3.0e−5 0.98 1.4e6
2 Sand (coarse) 0.385 7.3e−7 1.02 1.4e6
3 Sand (fine) 0.40 6.3e−8 1.03 1.4e6
4 Silt 0.475 1.4e−9 2.07 2.85e6
5 Clay 0.47 2.2e−12 1.25 3.3e6
6 Limestone, dolomite 0.10 7.7e−10 2.46 1.34e7
7 Karst limestone 0.275 1.0e−6 3.56 1.34e7
8 Sandstone 0.18 4.2e−10 4.50 3.56e6
9 Shale 0.0525 1.4e−13 2.53 3.94e6
10
Fractured igneous
0.05 1.5e−8 4.61 2.20e6
and metamorphic
11
Unfractured igneous
0.025 2.4e−14 4.59 2.20e6
and metamorphic
et al. (2000). According with Chiasson et al. (2000) and Diao et al. (2004), the advection
velocity used to compute the Pe´clet number is based on an assumed hydraulic gradient
of 0.01 m m−1 and therefore the aforementioned conclusion should only be intended as a
general guideline.
The Pe´clet numbers considered in the simulations examined in current chapter are
reported in table 3.2, with the other relevant parameters.
In order to attain stationary conditions over the entire domain, all the numerical sim-
ulations are advanced in time until the very large value of Fo = Fo∞ (see table 3.2). The
Fo∞ values are defined as
Fo∞ (Pe) = 100 FoD,s (Pe) Pe2 (3.22)
where FoD,s (Pe) is the steady-state Fourier number reported by Diao et al. (2004, fig. 5,
p. 1208) and calculated by
FoD,s =
(U ρwcw)
2 τs
λgr (ρc)gr
(3.23)
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Table 3.2 – Reference values for the simulations.
Pe Fo∞ FoD,∞
2.54 · 10−8 1.0 · 1018 12.903
3.27 · 10−7 1.0 · 1016 10.693
4.22 · 10−6 1.0 · 1013 11.575
5.44 · 10−5 1.0 · 1011 13.317
7.01 · 10−4 1.0 · 109 14.742
2.51 · 10−3 1.0 · 108 17.010
9.04 · 10−3 1.0 · 107 20.430
2.51 · 10−2 5.0 · 105 25.200
6.31 · 10−2 1.0 · 105 35.834
1.16 · 10−1 4.0 · 104 47.096
3.55 · 10−1 9.0 · 102 113.423
1.50 · 100 1.3 · 102 292.500
where τs is described by Diao et al. (2004) as the nominal duration to reach the steady-
state condition.
According to the criteria adopted by Diao et al. (2004) to define the nominal steady-state
at a certain location, the steady-state Fourier number for the numerical results is defined
as the value Fos (Pe) such that for Fo (Pe) ≥ Fos (Pe) the solution differs from the steady-
state value by less than 1%.
3.3 Diao, Li, and Fang (2004) analytical solution
The analytical solution proposed by Diao, Li, and Fang (2004) provides an important tool
in the prediction of the temperature distribution around a vertical borehole heat exchanger
in the presence of groundwater advection.
The authors assumed the ground as homogeneous and isotropic, with constant thermo-
physical properties and a uniform initial temperature; the borehole was modeled by an
infinite linear heat source with uniform heating rate per unit length.
Diao et al. (2004) introduced the dimensionless radial distance R and the modified
Fourier number FoD, defined as
FoD =
U
2τ (ρc)gr
λgr
(3.24a)
R =
Ur (ρc)gr
λgr
(3.24b)
The analytical solution provided by Diao et al. (2004) is given by:
Θ (R, ϕ, FoD) = exp
(
R cosϕ
2
) ∫ 4 FoD
R2
0
1
2η
exp
[
−
1
η
−
R2 η
16
]
dη (3.25)
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In order to infer when groundwater advection becomes a relevant heat transfer mecha-
nism, the analytical solution for the average borehole temperature, proposed by Diao, Li,
and Fang, is approximated as follows, assuming Fo ≪ 1/Pe:
Θb (Pe, Fo) = I0
(
Pe
2
) ∫ 4Fo
0
1
2η
exp
[
−
1
η
−
Pe2η
16
]
dη ≈
≈ I0
(
Pe
2
) ∫ 4Fo
0
1
2η
exp
[
−
1
η
]
dη
(3.26a)
In addition, the modified Bessel function I0 may be approximated as suggested by Bow-
man (1958, p. 41):
I0
(
Pe
2
)
=
1
π
∫ π
0
exp
[
Pe
2
cosϕ
]
dϕ
=
∞∑
m=0
(
Pe
2
)2m
22m (m!)2
= 1 +
Pe2
16
+ O
(
Pe4
)
(3.26b)
Thus, for Pe ≪ 4:
Θb (Fo) ≈
∫ 4Fo
0
1
2η
exp
[
−
1
η
]
dη = −
1
2
Ei
(
−
1
4Fo
)
=
1
2
E1
(
1
4Fo
)
(3.26c)
since, according to Abramowitz and Stegun (1965, ch. 5), it is valid the equation:
Ei (−z) = −E1 (z) (3.27)
It appears that equation 3.26c corresponds to the analytical solution proposed by Inger-
soll et al. (1954) for unsteady heat conduction around an infinite line source (eq. 2.16,
section 2.3). In fact, according to Θ definition (eq. 3.15) we can write:
Θb =
λgr (T − T0)
q′′ rb
=
1
2
E1
(
1
4Fo
)
(3.28)
and considering that
q′′ =
q′
2πrb
(3.29)
it results:
T − T0 =
q′′ rb
λgr
1
2
E1
(
1
4Fo
)
=
q′ rb
4πλgr rb
E1
(
1
4Fo
)
(3.30)
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that corresponds exactly to equation 2.16:
T − T0 =
q′
4πλgr
E1
(
1
4Fo
)
(2.16)
According to the proposed approximations, the effect of groundwater advection is
negligible for
Pe ≪ 4 and Fo ≪ 1
Pe
(3.31)
This means that after the initiation of the heat release from the borehole, for a relatively
short time, the heat conduction dominates over the heat advection because of the intensive
temperature gradient around the borehole.
Considering equations 3.24, it appears that the non-dimensional values R and FoD,
introduced by Diao et al. (2004), are related to r∗, Fo and Pe (equations 3.4b, 3.13, 3.14,
respectively) as:
FoD = FoPe
2 (3.32a)
R = r∗ Pe (3.32b)
In fact, according to the analytical solution proposed by Diao, Li, and Fang (eq. 3.25),
the non-dimensional excess temperature (eq. 3.15) depends only on three dimensionless
groups:
Θ = Θ(R, ϕ,FoD) (3.33)
as there is lack of a physical, representative length-scale, which in the present model is
provided by rb.
According to equations 3.32a, the equation 3.17 may be rewritten as:
Θ = Θ(R, ϕ,FoD,Pe) (3.34)
3.4 Results
3.4.1 Reliability of Darcy assumption
As above mentioned, near the borehole surface the viscous effects prevail and then the
Darcy model does not describe the actual fluid behavior, thus neglecting the formation of
the hydrodynamic boundary layer. The hydrodynamic boundary layer may be defined as
the flow region where the viscous forces are of the same order of magnitude as the Darcy
resistance. According to this definition, the thickness of the boundary layer δ, developing
on the borehole surface, may be estimated by an order of magnitude analysis as:
µwu
δ2
∼ µwǫp
u
κ
=⇒ δ ∼
√
Da
ǫp
(3.35)
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Evans and Plumb (1978) carried out some numerical calculations using the Brinkman
equation, in order to investigate the boundary friction effect. By analyzing the results
they concluded that if the Darcy number is less than 10−7, than the boundary effect is
negligible. Assuming ǫp = 0.3 for the highest Pe´clet number considered in this chap-
ter (Pe = 1.50), a Darcy number value Da ≃ 3 · 10−8 is obtained by equation 3.21a.
Consequently the boundary layer thickness estimation results in:
δ ∼ 0.3 · 10−3m (3.36)
Figure 3.5 – Computational domain, with indication of the boundary conditions. The borehole
surface conditions are: impermeable and no-slip conditions for the Darcy and Brinkman models,
respectively.
In order to verify that the heat transfer between the borehole and the surrounding
soil is not significantly affected by the presence of a hydrodynamic boundary layer on the
borehole surface, the results of two numerical simulation are compared for the simple flow
configuration shown in figure 3.5. Equations 3.2 and 3.16, and equations 3.9 and 3.16,
corresponding to Darcy and Brinkman models respectively, are solved.
Figure 3.6 displays the wall-normal velocity and temperature distributions forϕ = 90◦
considering both Darcy and Brinkman assumptions. The numerical solution, taking into
account the viscous effects, captures the velocity boundary layer near the borehole surface
(figure 3.6a), returning a thickness boundary layer order of magnitude:
δ ∼ O(10−3) (3.37)
which is in good agreement with the estimate value expressed in equation 3.36. On the
other hand, figure 3.6b highlights that despite the development of the hydraulic boundary
layer, the temperature distribution around the borehole is not affected. In fact, the max-
imum temperature difference between the two models occurs at the wall and is as low
52 Chapter 3. Effects of line source assumption in presence of groundwater flow
(a) The velocity distribution
(b) The temperature distribution
Figure 3.6 – The wall-normal velocity (a) and temperature (b) distributions for ϕ = 90◦ consider-
ing Darcy assumption (solid line) and Brinkman assumption (markers and dashed line).
as 0.03%. Moreover, an other non-dimensional quantity, the Nusselt number, is intro-
duced in order to quantify the ratio of convective to conductive heat transfer across the
borehole wall for the two models. The surface-average Nusselt number is calculated for
the two cases, obtaining Nu = 1.03228 for the Darcy assumption and Nu = 1.03244 for
the Brinkman assumption, with a relative per-cent difference of 0.02%. Therefore, the
numerical results suggest that in the range of Pe´clet and Darcy numbers considered in
this chapter, the viscous effects are negligible in the heat transfer analysis. This result is
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in agreement with the conclusions obtained by Evans and Plumb (1978) and Nield and
Bejan (2006) and reported in section 2.4.
3.4.2 Temporal and spatial distribution of the temperature field
A first, qualitative comparison between the temperature distribution computed by an-
alytical (Diao et al., 2004) solution and numerical solution is showed in figure 3.7. The
isotherms for two different values of Pe and three different values of Fo allow to appreci-
ate significant differences in the short-time range, Fo ≤ 2, for both considered values of
Pe due to the retard with which heat arrives at the borehole surface (R = rb) in the line
heat-source model by Diao, Li, and Fang, which neglects the actual borehole geometry.
On the other hand, for Pe = 2.54 · 10−8, the temperature distributions obtained analyti-
cally and numerically, are essentially identical at any arbitrary distance when the steady
state is reached. This behavior is actually expected since at very low Pe´clet numbers heat
conduction dominates over heat advection, meaning that analytical and numerical steady-
state solutions come to be very similar to the ILS and ICS solutions, respectively, which
become identical to each other for large values of Fo.
Increasing the Pe´clet number, the distortion of the flow field, caused by the presence of the
borehole surface, implies a distortion of the temperature distribution too. In fact, analyti-
cal and numerical steady-state solutions for Pe = 1.50 differ remarkably in the proximity
of the borehole (r∗ . 5) due to the geometry approximation in the analytical solution
by Diao, Li, and Fang.
However, at large values of r∗ (say r∗ > 5) the flow field recovers the unperturbed flow
distribution (∼1% error on both q∗x and q∗y), as can be inferred from the analytical solution
(eq. 3.7) and from figure 3.2, which means that the borehole can not be distinguished from
a line-source and then the analytical and the numerical solutions yield identical results.
Figure 3.8 shows the dependence of the excess temperature on time, for different
values of R = r∗ Pe. In figure 3.8(a) it is noticeable that the calculated solutions for
R = 0.42 · 10−3, 0.16 · 10−3, 0.54 · 10−4, with Pe = 5.44 · 10−5 or Pe = 4.22 · 10−6, are
perfectly overlying. This means that for small values, the Pe´clet number does not act as an
independent dimensionless group, in accordance with the analytic solution by Diao, Li,
and Fang. On the other hand, a weak dependence on the Pe´clet number as an independent
group may be noticed for small values of R (i.e. near the borehole) when the highest
values of Pe are considered; this behavior is not reproduced by the analytical solution
because of the line source assumption.
For large values of Fo, the ICS solution may be approximated by (Carslaw and Jaeger,
1959):
Θ ≃
1
2
Log
(
4Fo
r∗2C
)
(3.38)
with C = eγ , and consequently Θ = Θ(FoD/R2). It is evident from figure 3.8(a), that for
low values of Pe there exist a range of FoD/R2 where the calculated excess temperature
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equals the ICS solution, while for very large values of Pe the conductive range is restricted
to very small values of Fo, and therefore the approximation expressed in equation 3.38
may not be applied.
Figure 3.8(b) displayed that the calculated upstream and downstream solutions do not
show any significant difference on the whole considered range of FoD/R2 for all the con-
sidered values of R. This behavior is in complete agreement with the analytical solution
by Diao, Li, and Fang, according to which the function
f
(
R,
FoD
R2
)
= Log (Θ)− R cosϕ
2
(3.39)
is independent of direction.
The dependence of the calculated dimensionless time to reach the steady-state, FoD,s,
on the radius R is illustrated in figure 3.9. Analytical (Diao et al., 2004) and numerical
results are in good agreement if high values of R are considered, while there are minor
discrepancies for relatively low R values; these latter differences are expected because
of the line source approximation of the analytical solution. On the other hand, in the
magnified view of figure 3.9 it is possible to notice the effects of Pe as an independent
parameter, which for relatively high values, affects the R value, as already highlighted
above. A polynomial regression function is given by
FoD,s =
4∑
j=0
aj (R)j (3.40)
with
a0 = 0.00058 a1 = 0.01211 a2 = 0.08659
a3 = 0.30313 a4 = 1.09737
Moreover, according to the definition of R (eq. 3.32b), it can be noticed that for a fixed
Pe, steady-state conditions are attained at larger values of Fo for larger values of r∗.
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(a) Pe = 2.54× 10−8, Fo = 1 (b) Pe = 1.50, Fo = 1
(c) Pe = 2.54× 10−8, Fo = 2 (d) Pe = 1.50, Fo = 2
(e) Pe = 2.54× 10−8, Fo = Fos (f) Pe = 1.50, Fo = Fos
Figure 3.7 – Temperature contours at different values of Fo and Pe. Thin lines: analytical solu-
tion (Diao et al., 2004); thick lines: numerical solution.
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Figure 3.8 – (a) Dependence of the excess temperature on FoD/R2, for different values
of R = r∗ Pe, along the downstream direction. X-markers: Pe = 4.22 · 10-6; dashed line:
Pe = 5.44 · 10-5; dotted line: Pe = 9.04 · 10-3; triangles-markers: Pe = 3.55 · 10-1; solid line:
Pe = 1.50; gray band: ICS solution. (b) Function Log (Θ)− R cos (ϕ)/2 versus FoD/R2, for
different values of R = r∗ Pe, along both the upstream and downstream directions. Solid line:
upstream direction (i.e. ϕ = π rad.); markers: downstream direction (i.e. ϕ = 0 rad.).
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Figure 3.9 – The dimensionless time to reach the steady-state, FoD,s, with respect to the radius
R. Symbols: numerical results; solid line: best-fit correlation (eq. 3.40); dotted line: analytical
solution by Diao et al. (2004).
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Figure 3.10 – Evolution of the error between the analytical solution by Diao et al. (2004) and
the calculated solution, for three different values of Pe and three different values of Fo. (a)÷(c):
Pe = 2.54 · 10−8; (d)÷(f): Pe = 1.17 · 10−1; (g)÷(i): Pe = 1.50.
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Identifying the excess temperature calculated by the analytical solution (Diao et al.,
2004) and the excess temperature obtained using the numerical solution with Θ(an) and
Θ(num), respectively, and the excess temperature on the borehole surface at the steady-
state conditions calculated by the analytical solution (Diao et al., 2004) with Θ(an) b, s, it is
possible to introduce the relative error ε% between the analytical (Diao et al., 2004) and
the numerical results, induced by neglecting the actual borehole geometry in the analytical
solution:
ε% = 100×
Θ(an) −Θ(num)
Θ(an) b, s
(3.41)
Figure 3.10 shows the time-space distribution of the relative error ε% for three different
values of Pe and three different values of Fo. It is noticeable that, for all considered values
of Pe, at steady-state conditions the error becomes negligible for r∗ > 10, while if small
values of Fo are considered, the error has a nearly radial distribution. Moreover, for larger
Fourier the error is biased in the flow direction and attains higher values for larger Pe.
It is possible to define r1% as the radial distance from the borehole axis r∗ beyond
which the relative error ε% becomes lower than 1%. Figure 3.11 show the behavior of r∗1%
for three different values of Pe and for different angular sectors: 0π rad. to −0.125π rad.
(downstream), −0.375π rad. to −0.5π rad. (flow-normal direction) and −0.875π rad. to
−1π rad. (upstream).
Considering the lowest value of Pe´clet (Pe = 2.54 · 10−8, figure 3.11a), the value of r1%
is approximately the same in all sectors, as expected due to the nearly radial solution.
Because of the geometry approximation of the solution proposed by Diao, Li, and Fang,
r1% attains its maximum at very short times but, as highlighted also in figure 3.10(a)÷(c),
it tends rapidly to 1 (borehole radius).
For Pe = 1.17 · 10−1 (figure 3.11b) the maximum value of r1% is approximately 6, in all
sectors, at FoD = 0.08 but it decrease to ≈ 2 ÷ 3 at stationary, with slightly larger values
in the downstream direction.
Finally, for the highest considered value of Pe´clet (Pe = 1.50, figure 3.11c) the maximum
r1% ≈ 9 occurs at FoD ≈ 13.5 in the downstream direction; at stationary, albeit slightly
lower, r1% remains relatively high (r1% ≈ 5÷7), with the largest values in the flow-normal
direction, as noticeable also from figure 3.10(i).
3.4.3 Borehole surface temperature
In addiction to the equation 3.25, which described the transient state and converges to a
stationary state for all Pe > 0, Diao et al. (2004) also provided a steady-state solution:
Θs (R, ϕ) = exp
(
R cosϕ
2
)
K0
(
R
2
)
; FoD = Fos (3.42)
According to equations 3.32b and 3.4b, it is possible to rewrite equation 3.42 for r = rb
(i.e r∗ = 1) as
Θb,s (Pe, ϕ) = exp
(
Pe cosϕ
2
)
K0
(
Pe
2
)
(3.43)
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Figure 3.11 – Dependence on time of r∗1%. (a): Pe = 2.54 · 10−8; (b): Pe = 1.17 · 10−1; (c):
Pe = 1.50.
In figure 3.12 is shown a comparison between the FoD,s calculated numerically and
analytically (eq. 3.23), respectively, considering the average borehole temperature, Θb,s
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and on the whole range of Pe. A remarkably good agreement between the numerical
and analytical (Diao et al., 2004) solutions is attained over the entire range of considered
values of Pe. Moreover, an accurate polynomial regression function is given by
FoD,s =
6∑
j=0
aj [Log (Pe)]j (3.44)
with
a0 = 10.697 a1 = 5.8529 a2 = 3.3247 a3 = 1.1927
a4 = 0.23563 a5 = 0.023481 a6 = 0.00092073
The resulting correlation coefficient is 0.9998.
Figure 3.13 displayed the dependence of Θb,s on the Pe´clet number; examining it, it
is possible to notice how the heat transfer efficiency is greatly enhanced by convection.
In fact, whit the increase of the value of Pe, Θb,s decreases, suggesting that better heat
exchange between the borehole and the surrounding soil is occurring. A regression curve
which fits accurately the numerical results is given by
Θb,s = −2.26935Log (Pe) + 0.97037 (3.45)
The variation in time of the average borehole surface temperature,Θb,s, is shown in fig-
ure 3.14. Comparing both the numerical and the analytical solutions with the ICS (Carslaw
and Jaeger, 1959) and the ILS (Ingersoll et al., 1954) models, respectively, it results that
they are substantially equivalent to each other, meaning that for each value of Pe there
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Figure 3.12 – FoD,s for Θb,s with respect to Pe. Symbols: numerical results; solid lines: analytical
solution (Diao et al., 2004).
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exists a range of Fo within which both the numerical and the analytical solutions are un-
affected by advection. The existence of this conductive time interval may be explained
taking into account that at the initial stages of the heat release from the borehole, a very
large temperature gradient arises and therefore an intense conductive heat flux, which
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Figure 3.13 – Values of Θb,s with respect to Pe. Symbols: numerical results; solid line: regression
curve (eq. 3.45).
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Figure 3.14 – Variation of the average borehole temperature with respect to Fo, for different values
of Pe. Dotted lines: analytical solution Diao et al. (2004); dashed lines: numerical solution; solid
line: ICS analytical solution (Carslaw and Jaeger, 1959).
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dominates over the advection, is developed.
Also from figure 3.14 it is noticeable that at short Fourier numbers (Fo . 1), the analyti-
cal (Diao et al., 2004) and the numerical results (as well as the ILS and the ICS solutions)
differ between each other because the actual shape of the borehole is not considered in
the solution proposed by Diao, Li, and Fang (as well as in the ILS model). Anyway, the
distortion of the flow field induced by the borehole surface does not affect significantly
the value of Θb for Fo & 1 and Pe . 0.2. On the other hand, if larger Pe values are con-
sidered, the analytical results underestimate the Θb values with respect to the numerical
solution, and than it is evident that neglecting the actual geometry of the borehole causes
a slightly overestimation of the heat transfer efficiency over the whole range of Fo when
Pe & 0.2.
Moreover, figure 3.14 shows how the length of the transient period to reach the steady-
state is inversely proportional to the Pe´clet number, in agreement with the conclusions
proposed by Kimura (1989).
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Figure 3.15 – FoD,1% versus Pe. Symbols: numerical results; solid line: best-fit correlation
(eq. 3.46).
In order to estimate the upper bound of the conductive range, FoD,1% is defined as the
value of FoD beyond which the numerical solution differs from the ICS solution by more
than 1%, or, in other words, when the advective heat transfer becomes predominant over
the heat conduction. The dependence of FoD,1% on Pe is displayed in figure 3.15, together
with an accurate regression curve given by:
FoD,1% =
7∑
j=0
aj [Log (Pe)]j (3.46)
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with
a0 = 0.49362 a1 = 0.86109 a2 = 0.90459 a3 = 0.41795
a4 = 0.11282 a5 = 0.01762 a6 = 0.00147 a7 = 0.00005
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0.5
0.55
0.6
0.65
0.7
0.75
0.8
0.85
0.9
ϕ
π
Θ
(r
=
1
,
ϕ
)
(a) Pe = 6.31 · 10−2, Fo = 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0
0.05
0.1
0.15
0.2
0.25
0.3
0.35
0.4
0.45
ϕ
π
Θ
(r
=
1
,
ϕ
)
(b) Pe = 1.50, Fo = 0.2
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(c) Pe = 6.31 · 10−2, Fo = 80
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(d) Pe = 1.50, Fo = 0.6
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(e) Pe = 6.31 · 10−2,Fo = Fos
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(f) Pe = 1.50, Fo = Fos
Figure 3.16 – Variation of the Θ along the borehole surface at different values of Fo and Pe.
Dashed lines: analytical solution (Diao et al., 2004); solid lines: numerical solution.
In figure 3.16, the variation of Θ along the borehole surface is shown, considering two
relatively high Pe values (6.31 · 10−2 and 1.5) at different Fo.
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As it is possible to notice in figure 3.16, for Fo . 1 the numerical solution considerably
overestimates the analytical solution on the whole borehole surface, according to what
is suggested by figure 3.14. More precisely, in the case of Pe = 1.5 (i.e. Pe ≫ 0.2,
as suggested by figure 3.14) the analytical solution is overestimated by the numerical
solution for all values of Fo and over the entire borehole surface.
On the other hand, for Pe = 6.31 · 10−2 and Fo ≥ Fos, the heat transfer efficiency for the
numerical solution is lower (i.e. higher estimated temperature) in the downstream part and
higher (i.e. lower estimated temperature) in the upstream part of the borehole surface. In
fact, the analytical and the numerical solutions are in agreement to each other to provide a
higher heat transfer efficiency in the upstream part of the borehole surface, inasmuch the
fluid warms up (or cools down, in case of heat extraction) as it flows past the surface, and
this is true for both the considered Pe and all the considered Fo.
3.4.4 Multiple-boreholes field
Multiple-BHEs systems are a quite common application of GSHPs. As explained before
in section 3.3, the analytical solution proposed by Diao et al. (2004) allows to calculated
the temperature distribution around a vertical borehole heat exchanger. However, because
of the linearity of the problem, the superposition principle may be applied and therefore
the analytical solution by Diao, Li, and Fang becomes a powerful tool to predict the
temperature excess Θ at any location in a field of multiple boreholes. In fact, considering a
ground heat exchanger composed of N boreholes, the temperature excess Θ in the generic
point of coordinate (x, y) at the time τ , turns out to be
Θ (x, y, τ) =
N∑
i=1
Θ (ri, ϕi, τ) (3.47)
where ri and ϕi denote the polar coordinates of the (x, y) point with respect to the ith
borehole.
Further numerical simulations are set up with the aim to investigate the behavior,
at steady-state (i.e. Fo ≥ Fos), of the analytical solution proposed by Diao, Li, and
Fang when it has applied to a borehole field. The numerical simulations are carried out
considering six-boreholes fields, with different borehole configurations and five different
borehole-to-boerhole axial spacings s (7, 12, 17, 30 and 60 rb, with the two highest values
falling in the range of practical applications). The borehole configurations are shown in
figure 3.17. Since from the results so far exposed it is noticeable that the largest differ-
ences between numerical and analytical solutions arise when the highest Pe values are
taken into account, in all the simulations reported later on, only the Pe´clet value of 1.50
is considered.
As for the single-borehole numerical model, in order to reduce the extension of the
computational domain and therefore the time required for the calculations, a Dirichlet
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(a) Flow-parallel configuration. (b) Flow-normal configu-
ration.
(c) 2× 3 configuration. (d) 3× 2 configuration.
Figure 3.17 – The different borehole configurations considered with the concerning borehole no-
tations.
condition is used as far-field boundary condition: the temperature field on the boundary is
computed by the analytical solution (eq. 3.47). Also in this case, as for the single-borehole
model, results of simulations carried out on much wider domains do not show significant
differences.
For the comparisons between the numerical model and the analytical model by Diao
et al. (2004), as well as between the different borehole configurations, the steady-state
Nusselt number (Nu = 1/Θb,s) is used. The steady-state Nusselt number for a single
borehole interested by a transverse flow with Pe = 1.50 results equal to 1.0006 and 1.4572
for the numerical and analytical solution, respectively.
The two borehole-field configurations shown in figure 3.17a and 3.17b are identified
as flow-parallel and flow-normal respectively and they are helpful in order to evaluate the
importance of the orientation of the GSHP field with respect to the flow direction. Ta-
bles 3.3 and 3.4 reported the Nusselt number calculated on the surface of each borehole
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both from the analytical solution by Diao, Li, and Fang and from the numerical simula-
tion.
Table 3.3 – Nusselt number calculated on the borehole surface for the flow-parallel configuration
(figure 3.17a); in parentheses, results from the analytical solution by Diao et al. (2004); borehole
notation is illustrated in figure 3.17a.
Borehole Spacing (s/rb)
7 12 17 30 60
1 0.9894 0.9985 1.0005 1.0008 1.0010
(1.4580) (1.4581) (1.4581) (1.4580) (1.4580)
2 0.6395 0.7048 0.7410 0.7924 0.8438
(0.8318) (0.9194) (0.9745) (1.0590) (1.1499)
3 0.5132 0.5839 0.6264 0.6906 0.7594
(0.6346) (0.7268) (0.7878) (0.8864) (1.0000)
4 0.4423 0.5123 0.5562 0.6250 0.7019
(0.5310) (0.6203) (0.6810) (0.7822) (0.9037)
5 0.3954 0.4632 0.5083 0.5775 0.6586
(0.4650) (0.5502) (0.6093) (0.7098) (0.8341)
6 0.3629 0.4273 0.4702 0.5408 0.6240
(0.4184) (0.4997) (0.5568) (0.7280) (0.7804)
Table 3.4 – Nusselt number calculated on the borehole surface for the flow-normal configuration
(figure 3.17b); in parentheses, results from the analytical solution by Diao et al. (2004); bore-
hole notation is illustrated in figure 3.17b; boreholes 4, 5, 6 of the flow-normal configuration are
symmetric of boreholes 3, 2, 1, respectively and therefore their Nu values are not reported.
Borehole Spacing (s/rb)
7 12 17 30 60
1 1.0115 1.0067 1.0041 1.0023 1.0019
(1.4483) (1.4577) (1.4580) (1.4580) (1.4580)
2 1.0161 1.0104 1.0059 1.0027 1.0019
(1.4408) (1.4575) (1.4580) (1.4580) (1.4580)
3 1.0188 1.0111 1.0061 1.0027 1.0019
(1.4408) (1.4575) (1.4580) (1.4580) (1.4580)
As already found out in section 3.4.3, the results shown in tables 3.3 and 3.4 high-
lighted one more time that the analytical solution by Diao, Li, and Fang overestimate the
heat transfer efficiency with respect to the numerical model, due to the geometry approx-
imation. The discrepancy with respect to the present solution is relevant for both flow
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configurations (up to 30% of the analytical value) and is relatively insensitive to the bore-
hole spacing, in the considered range of s/rb. The general indication, suggested from the
analysis of the results, is that the flow-normal is the most efficient heat transfer configura-
tion, while the worst one is the flow-parallel with s = 7 rb, since the thermal interference
among the boreholes is maximum.
In particular, concerning the flow-normal configuration (table 3.3), noteworthy is the
behavior when the smallest s values (s = 7rb and s = 12rb) are considered; in fact, in
these conditions, contrary to what intuition may suggest, the Nu values indicate a higher
heat transfer efficiency compared to the cases with larger s. The explanation is that the
higher blockage ratio induces higher flow rates passing among the boreholes, which re-
sults in an increased convective heat transfer rate and, consequently, in a higher efficiency.
Contrariwise, examining the values of the Nusselt number calculated for the boreholes
in the flow-parallel configuration (table 3.4), it appears that the heat transfer efficiency
significantly decreases moving from the first to the last borehole invested by the flow.
Anyway, increasing the borehole spacing s, also the overall heat transfer is monotonically
increased, as suggested from the higher Nu values.
Therefore, the numerical solution confirm that a hypothetical configuration of a bore-
hole field consisted in a single line of boreholes oriented perpendicular to the groundwa-
ter flow direction would be maximize the effects of advection, as proposed by Diao et al.
(2004).
In order to investigate the reliability of the model by Diao, Li, and Fang in more
practical applications, the calculation of the steady-state temperature distributions around
six boreholes, arranged in a 2 × 3 (figure 3.17c) and 3 × 2 (figure 3.17d) configuration,
are carried out both numerically and analytically. The considered spacings s are equal to
7, 30 and 60 rb for each configuration.
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Figure 3.18 – Isotherms (Θ = 0.2 : 0.2 : 2) of a borehole field with 2 × 3 configurations to the
advection direction; analytical solution (Diao et al., 2004) and numerical solution for Pe = 1.50.
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Figure 3.19 – Isotherms (Θ = 0.15 : 0.15 : 1.5) of a borehole field with 3×2 configurations to the
advection direction; analytical solution (Diao et al., 2004) and numerical solution for Pe = 1.50.
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Figures 3.18 and 3.19 allow the comparison between the isothermal contours calcu-
lated numerically with respect to the temperature distribution resulting using the analytical
model by Diao, Li, and Fang, considering both the borehole field configurations and all
the spacing s between boreholes.
From a visual analysis of figures 3.18a and 3.18b, it is noticeable that moving in the flow
direction, at a distance of about 15 rb from borehole number 3 and 6 (according to the
notation illustrated in figure 3.17c) the differences between the numerical and analytical
isothermal contours are inconspicuous, while for the configuration 3× 2, considering the
same borehole-to-borehole spacing s = 7 rb (figures 3.19a and 3.19b) discrepancies be-
tween the two temperature distributions are dragged at least up to 70 rb in downstream
direction. That means that when s is too low, the errors caused by the line source assump-
tion are higher on the whole considered domain.
On the other hand, if a more realistic spacings in practical applications are considered (30
and 60 rb), neither the 2 × 3 nor the 3 × 2 configuration shows any slightly difference
between the analytical and numerical calculations and therefore the analytical solution
proposed by Diao, Li, and Fang may be relied on to predict the distribution of the excess
temperature in real borehole fields.
Table 3.5 – Nusselt number calculated on the borehole surface and Θb for 2 × 3 configuration
with s = 60 rb; borehole notation is illustrated in figure 3.17c; boreholes 4, 5, 6 are symmetric of
boreholes 1, 2, 3, respectively and therefore their Nu values are not reported.
Borehole Nunum Nuan Θb,num Θb,an
1 1.0006 1.4440 0.9994 0.6925
2 0.8434 1.1402 1.1857 0.8770
3 0.7591 0.9921 1.3173 1.0080
Table 3.6 – Nusselt number calculated on the borehole surface and Θb for 3×2 configuration with
s = 60 rb; borehole notation is illustrated in figure 3.17d; boreholes 3 and 6 are symmetric of
boreholes 1 and 4, respectively and therefore their Nu values are not reported.
Borehole Nunum Nuan Θb,num Θb,an
1 1.0007 1.4417 0.9993 0.6936
2 1.0008 1.4417 0.9992 0.6936
4 0.8436 1.1385 1.1854 0.8783
5 0.8436 1.1385 1.1854 0.8783
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In tables 3.5 and 3.6, the calculated Nusselt numbers and the average borehole tem-
peratures Θb,s for the 2× 3 and 3× 2 configurations with s/rb = 60 are shown.
Comparing the Nu for the borehole number 1 (according to the notation illustrated in
figure 3.17c) in the 2 × 3 configuration (table 3.5) with the Nusselt number calculated
for the single-borehole case, it results that significant thermal interferences occur only in
the streamwise direction, while the boreholes are sufficiently apart along the cross-flow
direction, since the Nu values are basically identical. The same behavior is found for the
3 × 2 configuration, as noticeable from table 3.6, comparing the Nu values of boreholes
number 1 and 2.
3.5 Concluding remarks
Diao et al. (2004) proposed a transient, two-dimensional, analytical model to determine
the temperature distribution around a vertical BHE considering the convective heat trans-
fer due to the groundwater flow. This analytical solution assumes the ground as a homoge-
neous and isotropic porous medium with constant thermophysical properties and saturated
by groundwater, while the heat source is approximated as a line of infinite length; thus
the actual geometry of the borehole and, consequently, the deflection of the groundwater
flow are neglected.
Owing to the linearity of the problem defined, the analytical solution (Diao et al.,
2004) may also be used to calculate the temperature excess at any location of a multiple-
boreholes field by means of the superposition principle. Therefore, the solution proposed
by Diao, Li, and Fang provides a useful tool in the design and dimensioning of both
single- and multiple-BHE(s) plants.
In this chapter, the two-dimensional, unsteady temperature distribution around a verti-
cal BHE has been computed by numerical simulations which take into account the actual
boreholes shape, in order to define the regions of space and time where the analytical solu-
tion proposed by Diao et al. (2004) is affected by the effects of the line source assumption.
Horizontal groundwater flow has been accounted for and a range of viable Pe´clet numbers
has been covered.
Moreover, a comparison between the results obtained using the Darcy model and the
Brinkman model respectively, has been carried out, in order to verify the accuracy of the
Darcy assumption in the problem concerning the heat transfer between a BHE and the
surrounding ground in presence of groundwater flow.
The obtained results show that the application of the Darcynian model is sufficient to
reproduce both the velocity and the temperature fields up to a very short distance from
the borehole surface. In fact, if the Brinkman equation is used, the effects of the viscous
forces results in a very thin hydrodynamic boundary layer, which imply a difference of
only ∼ 0.02% in the calculated Nusselt number.
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The comparison between the numerical and the analytical (Diao et al., 2004) solutions
strongly highlights the importance of the line source assumption during the initial stages
(Fo . 2) for all the considered Pe´clet numbers, while discrepancies are noticeable at any
considered Fourier only if higher Pe are taken into account.
On the other hand, for Pe´clet relatively low and Fo & 2, the analytical and the numer-
ical results are essentially equivalent to each other since heat conduction dominates over
heat advection, meaning that analytical and numerical models come to be very similar to
the ILS and ICS solution respectively, which become identical for large values of Fo.
Anyway, the analysis of the relative error ε% between the analytical and the numerical
results, indicates that ε% becomes negligible (ε% > 0.5) for r∗ > 10 on the whole con-
sidered range of Pe. It is also found out that when advection dominates over conduction
(relatively high Pe), the largest ε% values lie in the flow-normal direction.
In addiction, also the dimensionless times to reach steady-state FoD,s, calculated for
both analytical and numerical models, show minor disagreements for relatively low R
values because of the line source assumption made by Diao et al. (2004).
If average borehole surface temperature Θb is taken into account, the values obtained
using the analytical solution by Diao, Li, and Fang are in excellent agreement with the
numerical results for Pe . 0.2 and Fo & 1. In fact, for lower Fourier values (i.e. Fo . 1),
the model of Diao, Li, and Fang is affected by the line source assumption (as well as
the ILS model); this means that the heat, released from the borehole axis, needs a longer
time to reach the borehole surface (r∗ = 1), resulting in a certain delay with respect of
the ICS and numerical solutions. On the other hand, with Pe & 0.2 the borehole induces
a significantly distortion of the flow field and therefore appreciable differences between
numerical and analytical results are observable on the whole range of considered Fourier
numbers.
The practical consequence is that for Pe & 0.2 and Fo . 1 the analytical solution over-
estimate the heat transfer efficiency because the actual borehole geometry is neglected.
Regression functions for FoD,s and Θb,s with respect to the Pe´clet number are given,
providing a useful tool to easily estimate these values.
According to the definition proposed in section 3.4.3, FoD,1% may be considered the
upper bound of the conductive range. An accurate regression function is supplied.
The steady-state temperature distribution in a six-boreholes field crossed by ground-
water flow (Pe = 1.50) has been calculated numerically and analytically (applying the
superposition principle). Four different boreholes configurations has been considered, as
well as different borehole-to-borehole axis spacings.
The results suggest that if typical values of spacing between boreholes encountered in
practical GSHP applications are considered the analytical model fits very well the numer-
ical solution, net of overestimation errors due to the line source approximation already
highlighted for Pe & 0.2. In fact, when adequate spacings are chosen, the isothermal
contouring does not shown any relevant difference between the two solutions, since the
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relative errors for the single borehole become negligible within a spatial interval shorter
that the s value, as described in section 3.4.4.
The investigation carried out in this chapter suggests that the analytical solution pro-
posed by Diao et al. (2004) is a powerful and relatively simple tool to estimate the temper-
ature distribution in the case of both single- and multiple-BHE(s) system. The reliability
restrictions on the time domain for this solution are relatively low if compared to the
operational life of GSHPs. On the other hand, care must be taken if media with high per-
meability are considered, since if high flow rates (and consequently high Pe values) occur
the model by Diao et al. (2004) tends to overestimate the heat transfer efficiency, possibly
causing errors during the design stage.
Chapter 4
Influence of regional groundwater flow
on TRT analysis
4.1 Introduction
With the increasing popularity of the GSHP and the consequent diffusion of the exploita-
tion of the geothermal resource, there is a real possibility of incurring in high-density BHE
areas. Since such heat extraction systems mean that the surrounding ground is slowly
cooled until a steady-state is reached after some years, borehole systems placed too close
together could influence each other, lowering the heat exchange efficiency.
Table 4.1 – Typical Swedish heat borehole system average values; (∗)according to Statens En-
ergimyndighet (2006); (∗∗)according to Swedish Energy Agency (2008).
Total borehole depth: 132 m (∗)
Active borehole depth: 117 m (∗)
Annual heat extraction: 22000 kWh (∗∗)
Bedrock mean thermal conductivity: 3.5 W (m K)−1
Bedrock mean undisturbed temperature: 5 ◦C
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Figure 4.1 – Section through the ground. Radial steady-state ground temperature difference
(∆T =| T − T0 |) in the ground outside a typical heat extraction borehole.
(a) The ∆T at 10 m distance from the borehole is 1.4◦C without any groundwater movements.
(b) The ∆T at 10 m distance from the borehole, perpendicular to the groundwater flow, is consid-
erably lower with increasing groundwater flow.
For example, a similar situation can be observed in Sweden, where almost 20% of
all single family houses are heated by extracting heat from boreholes in the ground, es-
pecially in the biggest cities. Therefore, in order to avoid conflicts between neighbors
that also might want to use the ground in a similar way, the Swedish authorities have
set up some rules to consider before the required drilling permit is granted. The general
recommendation (for single family houses) is that the distance between two neighbor-
ing boreholes must be ≥ 20 m; this distance is considered sufficient to avoid significant
thermal interaction.
Anyway, if typical Swedish heat extraction borehole system (see table 4.1) is consid-
ered, the steady-state ground temperature is ≈ 1.4◦C lower (in case of heat extraction)
than the undisturbed temperature at a distance of 10 m from the borehole, assuming that
the heat is transported away from the borehole by conduction only (see figure 4.1).
Unlike the case of a heat source of finite length, if a heat source of infinite length
is considered, in case of pure conduction the steady-state will never be reached. In this
chapter, a two-dimensional numerical model is used (see section 4.2.2) and therefore, the
state after 40 years of heat injection/extraction is assumed as steady-state condition.
However, the presence of groundwater flow implies important variations in the ground
thermal disturbance so that the temperature distribution around the borehole will be dis-
torted, as shown in figure 4.2. It results that considering the radial distance from the
borehole, perpendicular to the flow direction of the groundwater, any given temperature
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disturbance will be closer to the borehole than in the case of no groundwater flow (fig-
ures 4.1 and 4.2).
Introducing the concept of Influence Length, Linf , defined as the distance to the same
steady-state temperature disturbance as that at 10 m distance for conductive flow, perpen-
dicular to the groundwater flow direction (figures 4.1 and 4.2), it is noticeable that this
length decreases with increasing groundwater flow rate.
Since the steady-state temperature change of the ground is the basis for the recom-
mended minimum borehole spacing, the possibility to estimate in advance this tempera-
ture influence would mean reduce the borehole spacing perpendicular to the groundwater
flow. Here the idea is to use a thermal response test as a tool to determine the Influence
Length.
From the aforesaid, it is understandable that the groundwater flow rate is a fundamen-
tal parameter to be considered in design of BHEs, together with the thermal properties
of the ground; in fact, even relatively low flow rate entail temperature changes consid-
erably lower than in the case of pure heat conduction (Gehlin and Hellstro¨m, 2003, Fan
et al., 2007) and as consequence of these relatively stable underground temperatures, heat
pumps can operate with very efficient performance coefficients, thereby reducing energy
costs (Lee et al., 2012). Moreover, an accurate knowledge of groundwater flow rate and
ground thermal properties allows a further reduction of costs thanks to a better design and
dimensioning of the plant.
Therefore, starting from these considerations together with the possibility to use the
heat as groundwater tracer (see section 2.2.1), and since the groundwater affects the TRT
analysis results, as suggested by the literature reported in sections 2.5.2, an expeditious,
graphical method to estimate the hydraulic conductivity of the ground using TRT anal-
ysis is proposed; the method is tested using experimental data integrated with plausible
assumption, if the data are unavailable.
Figure 4.2 – Plan. Radial steady-state ground ∆T in the ground outside a typical Swedish heat ex-
traction borehole. (a) The ∆T at 10 m distance from the borehole is 1.4◦C without any groundwa-
ter movements. (b) The ∆T at 10 m distance from the borehole, perpendicular to the groundwater
flow, is considerably lower with increasing groundwater flow.
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4.2 Methodology
4.2.1 Mathematical model
A two-dimensional model is used, thus neglecting any interaction with the ground surface
and any variation with depth. A uniform flow of incompressible, constant-property fluids
flows through a saturated, homogeneous, isotropic porous matrix and is deflected by the
borehole surface, which is assumed as impervious. No hydraulic boundary layer develops
on the borehole surface as the fluid is assumed inviscid, according to the classical Darcy
model. As explained in section 2.2, liquid flow in a porous medium is usually described
by Darcy’s law, which can be expressed (considering isotropy for hydraulic conductivity)
as shown in equation 2.14:
U = k · i (2.14)
with the hydraulic gradient i defined as in equation 2.15
i =
dh
dx (2.15)
The flow is assumed horizontal and therefore the gravitational effects are neglected, as no-
ticeable from eq. 2.14. Under the aforementioned assumptions, the steady-state continuity
equation and the boundary conditions reads as already shown in equations 3.2 and 3.3 in
section 3.2.1
Starting at time τ = 0 a constant heat flux q′′ is released from the borehole surface.
An unsteady thermal disturbance results and propagates through the soil by advection and
diffusion. The soil is assumed thermally homogeneous and isotropic. The thermophysical
properties of both the soil and the fluid are considered as constant and thermal equilib-
rium between fluid and surrounding soil is assumed (Bear, 1972). Therefore, under these
assumptions the energy equation, which are the same as in chapter 3, initial and boundary
conditions may be expressed as equations 3.11.
4.2.2 Numerical model
The mass and energy conservation equations (3.2 and 3.3), with the appropriate ini-
tial and boundary conditions, are solved numerically by the commercial finite element
package COMSOL Multiphysics R© . The computational domain, shown in figure 4.3 with
boundary conditions indicated, is 2560× 1280 m, and it takes advantage of the symmetry
of the case.
According to, Yian and O’Neal (1998), Fan et al. (2007) and Gustafsson (2010), the
U-pipe geometry is approximated as a less complex annular geometry with an appropri-
ate equivalent radius (see section 4.2.2), allowing to diminish the elements number and
therefore the computational time. The gap between the borehole walls is considered filled
with water.
All computations are carried out in a mesh encompassing 1.26 · 106 quadrilateral and
1.48 · 104 triangular (total of 1.28 · 106) fifth order Lagrange elements. In order to verify
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Figure 4.3 – Plain-section computational domain, with indication of the boundary conditions.
the grid and the far-field independence of the numerical solutions, the simulations for
highest and lowest considered k, for each λgr value, have been repeated on a finer mesh
(3.29 · 106 elements) and on a larger domain (6000 × 3000 m). The relative maximum
errors (in terms of temperature differences) are 1.7 · 10−6% and 1.3 · 10−4% respectively.
The equivalent radius model
In order to diminish the calculation time, it is common approximate the U-pipe geometry
as a simpler annular geometry (Gustafsson, 2010).
According to International Ground Source Heat Pump Association (1988), for pure-
conductive heat transfer models, the equivalent-radius pipe must have the same cross-
section area as the two U-pipe legs. Gu and O’Neal (1998) demonstrated that the equiv-
alent radius is dependent on the U-pipe diameter and the leg spacing, while Paul (1996),
Paul and Remund (1997) and Remund (1999) provided an expression for the borehole
thermal resistance depending on the thermal conductivity of the grout and on a borehole
shape factor determined by the geometry of the borehole.
In Gustafsson (2010), the author chose the equivalent radius so that the heat transfer
area of the equivalent-radius pipe was the same as for the U-pipe. Gustafsson (2010)
showed that this way to choose the equivalent radius is appropriate in models that consider
both conductive and convective contributions if constant heat flux is applied on the pipe
wall as boundary condition.
In the present simulations, the borehole is modeled considering an equivalent radius
equal to 0.0400 m and borehole-wall radius equal to 0.0518 m (see figure 4.4), according
to the work presented by Gustafsson (2010).
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Figure 4.4 – Detail of the mesh.
The reference value for the simulations
The values shown in table 4.2 are chosen because they are typical mean values for
practical application. In detail: the range of U, λgr, ǫp and (ρc)gr are chosen according
to the mean hydraulic and thermal properties of soils and rocks proposed in Chiasson
et al. (2000). The heat flux used in the TRT models, q′′TRT , is derived from the typical
heat power injected during a TRT analysis (9 kW for a 150 m deep borehole, as suggested
in Gustafsson, 2010), as well as τend,TRT is chosen in a precautionary way considering the
duration of a TRT suggested from Gehlin (1998b) and Gustafsson (2010), i.e. between
60 and 72 hours. On the other hand in the long-time analysis models, the heat flux, q′′SS ,
is derived assuming a consumption of energy equal to 22000 kWh per year (i.e. 8760 h),
according to the data reported in Statens Energimyndighet (2006), and considering the
mean power of ∼ 2.5 kW distributed on 150 m deep borehole (i.e. ≈ 17.5 W/m) with the
chosen equivalent radius equal to 0.04 m.
In order to study the behavior of the Influence Length with respect of the groundwater
flow rate, only three different values of λgr (1.5, 2.5 and 3.5 W (m,K)−1) are considered,
while all of the values indicated in table 4.2 are taken into account for the discussions
about the TRT analysis and for the explanation of the method to estimate the hydraulic
conductivity.
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Table 4.2 – Reference values for the simulations.
Variable Value
0, 1 · 10−7, 1 · 10−6, 5 · 10−6, 1 · 10−5, 2 · 10−5,
3 · 10−5, 4 · 10−5, 5 · 10−5, 6 · 10−5, 7 · 10−5,
U [m s−1] 8 · 10−5, 9 · 10−5, 1 · 10−4, 1.1 · 10−4, 1.2 · 10−4,
1.3 · 10−4, 1.4 · 10−4, 1.5 · 10−4, 1.6 · 10−4,
1.7 · 10−4, 1.8 · 10−4, 1.9 · 10−4, 2 · 10−4
ǫp [−] 0.25
(ρc)gr [J m
−3K−1] 3 · 106
λgr [W (m,K)−1] 1.50, 1.75, 2.00, 2.50, 3.00, 3.50, 4.50
rb (equivalent radius) [m] 0.0400
borehole-wall radius [m] 0.0518
q′′TRT [W m−2] 240
q′′SS [W m−2] 70
T0 [K] 278.15
τend,TRT [s (h)] 2.592 · 105 (72)
τend,SS [s (yr)] 1.26144 · 109 (40)
4.2.3 Data analysis
The analysis of the response test data is based on a description of the heat as being injected
from a line source (Mogensen, 1983, Eskilson, 1987, Gehlin, 1998b). The mathematics
behind the equations used in the data analysis is explained in detail in section 2.5.1 and
therefore in this section only a brief summary of the fundamental equations is reported.
When heat is injected into a borehole a transient process starts; this transient process
is approximated by equation 2.38, which displayed the relation between the heat carrier
fluid Tf and the natural logarithm of the time ln τ :
Tf =
q′
4πλeff
ln τ +
{
q′
[
1
4πλeff
(
ln
4α
r2b
− γ
)
− Rb
]
+ T0
}
(2.38)
for τ ≥ 5r2b/a and with
• Tf = heat carrier mean fluid temperature [◦C]
• q′ = heat transfer rate [W m−1]
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• α = thermal diffusivity [m2 s−1]
• γ = Euler’s constant
• Rb = borehole thermal resistance [K m W−1]
Equation 2.38 represents a linear relation, which could be expressed as in equation 2.39:
Tf = m ln τ + w (2.39)
where m and w are constants, defined as in equations 2.40:
m =
q′
4πλ
(2.40a)
w = q′
[
1
4πλ
(
ln
4α
r2b
− γ
)
− Rb
]
+ T0 (2.40b)
Therefore, according to equations 2.38 and 2.40a, the value of λeff results as (eq. 2.41)
λeff =
q′
4πm
(2.41)
4.2.4 Estimation of k
In order to estimate the hydraulic conductivity k by TRT, a procedure consisting in four
steps is proposed:
1) evaluate the effective thermal conductivity value (λeff ) by TRT analysis;
2) calculate the λ-ratio, which is defined as the ratio between the effective and the real
thermal conductivity of the ground:
λ-ratio = λeff
λgr
(4.2)
3) estimate the flow rate U: knowing the λ-ratio and the λgr values, it is possible to
estimate the flow rate U using a diagram showed below in figure 4.6;
4) calculate the hydraulic conductivity k considering the modulus of the hydraulic
gradient i in the area under examination: according to equation 2.14, it is possible to
estimate the hydraulic conductivity k (without considering isotropy) as
k =
U
i
(4.3)
where i is the hydraulic gradient.
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4.3 Results
4.3.1 Thermal response data analysis
Table 4.3 – The calculated λeff values.
U λgr [W (m K)−1]
[m s−1] 1.50 1.75 2.00 2.50 3.00 3.50 4.50
0.0 1.503 1.751 2.002 2.503 3.003 3.502 4.500
1.0·10−9 1.504 1.752 2.004 2.505 3.004 3.502 4.500
1.0·10−8 1.506 1.752 2.005 2.507 3.006 3.502 4.500
5.0·10−8 1.507 1.753 2.008 2.507 3.006 3.502 4.500
1.0·10−7 1.509 1.754 2.010 2.507 3.007 3.502 4.500
2.0·10−7 1.513 1.757 2.013 2.510 3.009 3.505 4.503
3.0·10−7 1.518 1.762 2.017 2.514 3.014 3.509 4.506
4.0·10−7 1.526 1.770 2.024 2.520 3.020 3.515 4.512
5.0·10−7 1.536 1.779 2.032 2.528 3.028 3.523 4.519
6.0·10−7 1.548 1.791 2.042 2.538 3.037 3.532 4.528
7.0·10−7 1.563 1.806 2.054 2.549 3.049 3.543 4.538
8.0·10−7 1.580 1.822 2.068 2.562 3.062 3.556 4.549
9.0·10−7 1.599 1.841 2.084 2.577 3.077 3.570 4.563
1.0·10−6 1.621 1.861 2.100 2.594 3.094 3.586 4.578
1.1·10−6 1.646 1.886 2.123 2.613 3.112 3.604 4.594
1.2·10−6 1.673 1.912 2.149 2.633 3.133 3.624 4.613
1.3·10−6 1.703 1.941 2.178 2.656 3.155 3.645 4.632
1.4·10−6 1.736 1.972 2.210 2.680 3.179 3.669 4.654
1.5·10−6 1.771 2.007 2.244 2.707 3.206 3.694 4.677
1.6·10−6 1.810 2.044 2.281 2.735 3.234 3.721 4.702
1.7·10−6 1.853 2.084 2.321 2.766 3.264 3.750 4.728
1.8·10−6 1.898 2.128 2.364 2.798 3.296 3.780 4.756
1.9·10−6 1.947 2.174 2.411 2.833 3.330 3.813 4.786
2.0·10−6 2.000 2.224 2.455 2.870 3.367 3.848 4.818
The λeff values calculated by the thermal response data analysis, for the λgr values
reported in table 4.2, are shown in table 4.3. Figure 4.5 shows the relation between λeff
and U; from the figure it is noticeable that the effect of U on the λeff is not linear.
In figure 4.6, an effect described by Liebel (2012) is highlighted: by fixing flow rate
U, λ-ratio is higher for lower λgr values, while considering λgr as constant, λ-ratio in-
creases with increasing U. In other words, considering U as a constant parameter, the
ratio λeff/λgr is closer to 1 for higher λgr values. The explanation of this behaviour is that
since λeff changes with respect to both the convective and the conductive heat transfer
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Figure 4.5 – The effective thermal conductivity λeff values with respect to the volumetric flow
rate U. The dotted lines indicate the λgr values while the solid lines indicate the λeff values.
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Figure 4.6 – The ratio λeff /λgr with respect to U.
rates, a higher λgr value implies a greater share of the conduction on the total heat transfer
(described by λeff ). Therefore, these responses are expected because the conductive con-
tribution to the heat transfer increases if λgr increases, while the convective contribution
is constant (with constant flow rate).
In addition to that, figure 4.6 shows that the spacing between the curves related to differ-
ent λgr are not as regular as expectations would suggest. This means that the influence
of the advection on the total heat transfer decreases less-than-linearly while the ground
conductivity (λgr) increases. In fact, according to the TRT simulations of this study, com-
paring Tf in the case of no flow rate and Tf for U = 2 · 10−6 m s−1, at τ = τTRT,end, the
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resulting temperature decreases are equal to ≈ 1.35◦C, ≈ 0.53◦C and ≈ 0.28◦C consid-
ering λgr = 1.5, λgr = 2.5 and λgr = 3.5 W (m K)−1 respectively. This behaviour is due
to the larger differences between Tf and the groundwater temperature (equal to T0) when
lower λgr are taken into account.
Finally, it is noticeable that there is a distinct change in the curves behavior comparing
λgr values ≤2 and >2, respectively. Although the reason of this issue is not clear yet,
a possibility is that it depends on the thermal properties of the filling material. Further
investigations are necessary to disentangle the question.
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Figure 4.7 – The markers indicate the values obtained by the simulations, while the solid lines
denote the best fit-correlations (equations 4.4 and 4.5 considering figure (a) and (b), respectively).
(a) The variation of the Pe (eq. 3.14) value, with respect to the ratio U/λeff ;
(b) Log (Pe) with respect to Log (U/λeff ).
86 Chapter 4. Influence of groundwater flow on TRT
Considering the non-dimensional Pecle´t number as defined in equation 3.14, that is
Pe =
Urb (ρc)w
λgr
(3.14)
it is possible to relate it to the ratio between U and λeff , as shown in figure 4.7a. The
polynomial regression function displayed in the figure is given by
U
λeff
=
3∑
j=0
aj (Pe)j (4.4)
with
a0 = −5.7378 · 10
−10 a1 = +6.1049 · 10
−6
a2 = −4.5689 · 10
−6 a3 = −1.1921 · 10
−5
The resulting correlation coefficient is 0.9941; it means that the polynomial regression
described by equation 4.4 fits the numerical data for every Pe value included in the range
considered in this study.
Figure 4.7b shows the relation between the logarithms of both the parameters already
considered in figure 4.7a and equation 4.4. In this way it is possible to appreciate the
behaviour of U/λeff for lowest Pe values. The correlation function is given by
Log
(
U
λeff
)
= 0.9916Log (Pe)− 5.2468 (4.5)
Equation 4.5 describes very well the relation for Log (Pe) ≤ −0.90 (i.e. Pe ≤ 0.123), i.e.
considering low values of U, but does not fit the data very well when Pe is higher than the
suggested value, which means for relatively high U.
Application of the methodology to estimate k
In order to give an example of the application of the methodology above described, ex-
perimental data from TRT analysis have been used. The data presented in this work were
collected and discussed by Gehlin (1998a).
The main characteristics of the site and of the measurements are reported in table 4.4,
while in figure 4.8 the fluid temperatures (Tin, Tout, Tf ) variations registered during the
TRT are reported. The results of the TRT analysis can be summarized as:
λeff = 3.6 W (m K)−1
Rb = 0.06 K m W−1
Since no available petrophysical data of the bedrock of the site have been found, for
explanatory purposes the value
λgr = 3.5 W (m K)−1
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Figure 4.8 – Fluid temperature variation during the TRT performed by Gehlin (1998a)
has been assumed, as typical value of thermal conductivity of granite in that area (Gehlin,
1998a), as reported in table 4.4.
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Figure 4.9 – A magnification of figure 4.6: λ-ratio with respect to U considering different λgr. The
λ-ratio value which results considering the effective and the real thermal conductivity from Gehlin
(1998a) is highlighted as well as the corresponding U.
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Table 4.4 – Main characteristics of the site and measurements (Gehlin, 1998a); (∗) denotes assumed
plausible values.
BOREHOLE
Total depth [m] 100
Groundwater
[m] 3.7level (below
ground surface)
Active depth [m] 96.3
Fluid water
BHE type U-pipe, 32 mm PEM
Diameter [mm] 140
TEST
Duration [h] 69.9([d]) (2.9)
Injected heat [kW] 5
SITE
Area Finspa˚ng (Sweden)
Hydraulic [m m−1] 0.007gradient (∗)
Bedrock granite
λgr
(∗) [W (m,K)−1] 3.5
Therefore, applying the equation 4.2, it is possible calculate the λ-ratio as
λ-ratio = λeff
λgr
=
3.6
3.5
≈ 1.028 (4.6)
Figure 4.9 shows a magnification of figure 4.6 with highlighted the λ-ratio value re-
sulted considering the effective and the real thermal conductivity from Gehlin (1998a), as
well as the corresponding flow rate value:
U ≈ 1.08 · 10−6 m s−1 (≈ 0.09 m day−1 ≈ 34 m y−1)
In figures 4.6 and 4.9, different curves corresponding to λ-ratio as function of distinct λgr,
on U are reported as example. Anyway, a more complete chart could be drawn calculating
numerically other curves given by different λgr values.
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In accordance with Andersson et al. (1982), as reported by Gehlin (2002), the hy-
draulic gradient is usually of the same order or smaller than the ground surface slope and
it is calculated as the change in hydraulic head along the ground surface. In Sweden, com-
mon values of i are usually within the range 0.01 to 0.001 or less (A˚berg and Johansson,
1988).
In this work, in order to obtain an estimation of the mean hydraulic conductivity of the
bedrock, the hydraulic gradient i of the area under examination has been assumed equal
to 0.007 m m−1, as reported in table 4.4. Therfore, according to equation 4.3, it results:
k =
U
i
=
1.08 · 10−6
0.007
≈ 1.54 · 10−4 m s−1 (4.7)
The obtained hydraulic conductivity value is in agreement with the hydraulic conduc-
tivity range proposed by Domenico and Schwartz (1990) and Chiasson et al. (2000) for
fractured igneous and metamorphic rocks (8.0 · 10−9 to 3.0 · 10−4 m s−1).
4.3.2 Steady-state analysis
Figure 4.10 – A graphical representation of the Influence Length.
As previously mentioned, in this study the state after 40 years of heat injection/extraction
is assumed as steady-state condition.
In order to investigate the effects of the heat transfer at the steady-state, the Influence
Length is defined as the distance from the borehole axis where the temperature is 0.5◦C
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(Linf05) and 1◦C (Linf1) higher (or lower) than the undisturbed temperature T0, consider-
ing the perpendicular with respect to the groundwater flow direction (see figure 4.10).
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Figure 4.11 – The Influence Lengths Linf1 and Linf05 with respect to the effective thermal con-
ductivity λeff . Red cross-markers denote the values related to λgr = 1.5, green X-markers denote
the values related to λgr = 2.5, blue circle-markers denote the values related to λgr = 3.5; solid
and dotted lines are for Linf1 and Linf05 respectively; dash-dotted line highlights the distance of
5 m from the borehole center.
Figure 4.11 shows the variation of the Influence Length, Linf , related to the different
values of λeff .
The highest value of Linf1 is reached for λeff ≤ 1.508 W (m K)−1, which means lowest
λgr (= 1.5 W (m K)−1) and very limited flow rate (U < 5 · 10−8 m s−1). On the other
hand, if the value of T0 ± 0.5◦C is taken into account, it is possible to see that Linf05 is
obviously larger for all considered λeff , but in particular if low U values are considered.
Figure 4.12 gives the possibility to predict the Influence Length when hydrogeolog-
ical conditions of the site are known and therefore a good estimation of λgr is possi-
ble. From figure 4.12 can be inferred that a very low convective contribution is enough
to significantly decrease the Influence Length at steady-state. In fact all the values of
λeff/λgr ≥ 1.01 result in a Linf05 ≤ 5 m, which means less than half the distance re-
quired by the Swedish authorities. This substantial decrement of the Influence Lengths
in presence of very low flow rate displayed in figures 4.11 and 4.12 is fully in agreement
with Gehlin and Hellstro¨m (2003).
This aspect is even more emphasized in figure 4.13, which displays the variations
of the Influence Lengths Linf05 and Linf1 consequent to the increase of the flow rate U.
If we consider a typical heat extraction borehole system, with the characteristic defined
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Figure 4.12 – The Influence Lengths Linf1 and Linf05 with respect to the ratio λeff /λgr . Red
cross-markers denote the values related to λgr = 1.5, green X-markers denote the values related
to λgr = 2.5, blue circle-markers denote the values related to λgr = 3.5; solid and dotted lines
are for Linf1 and Linf05 respectively; dash-dotted line highlights the distance of 5 m from the
borehole center.
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Figure 4.13 – The Influence Lengths Linf1 and Linf05 with respect to the flow rate U. Red cross-
markers denote the values related to λgr = 1.5, green X-markers denote the values related to
λgr = 2.5, blue circle-markers denote the values related to λgr = 3.5; solid and dotted lines
are for Linf1 and Linf05 respectively; dash-dotted line highlights the distance of 5 m from the
borehole center.
in table 4.1, figure 4.13 shows that when U ≥ 0.9 · 10−7 m s−1 the temperature at the
distance of 10 m is ≤ T0 ± 1◦C, while in presence of flow rate U ≥ 1.8 · 10−7 m s−1 the
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temperature will be≤ T0± 0.5◦C, instead of ≈ T0± 1.4◦C as in case of pure conduction.
In addition, it is interesting to consider that the Influence Lengths Linf1 and Linf05 became
lower than 5 m if U ≥ 1.9 · 10−7 m s−1 and U ≥ 3.5 · 10−7 m s−1, respectively. Besides,
it is noticeable that in the case λgr is lower than 3.5 W (m K)−1, for the same U values,
Linf1 and Linf05 resulting even shorter.
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Figure 4.14 – The Influence Lengths Linf1 and Linf05 with respect to Pe (eq. 3.14). Red cross-
markers denote the values related to λgr = 1.5, green X-markers denote the values related to
λgr = 2.5, blue circle-markers denote the values related to λgr = 3.5; solid and dotted lines
are for Linf1 and Linf05 respectively; dash-dotted line highlights the distance of 5 m from the
borehole center.
Also figure 4.14 could be very useful for a first estimation, even before the TRT anal-
ysis, of the Influence Length. In fact, if hydrogeological conditions of the site are known
and therefore it is possible to make a good prediction about λgr and flow rate U, the cor-
related Pe number could be calculated and applied according to equation 3.14. The Pe
number tends to increase when lower λgr values are considered, while higher Pe values,
at the same λgr, imply lower Influence Lengths. According to figure 4.14, Linf1 is ≤ 10
m for Pe values ≥ 1.0 · 10−2, while Linf1 is ≤ 5 m if Pe values are ≥ 1.9 · 10−2; on the
other hand Linf05 turns out to be ≤ 10 m for Pe ≥ 1.6 · 10−2 and ≤ 5 m when Pe values
are≥ 3.1 ·10−2. The above mentioned indications are related to the case where λgr = 1.5
W (m K)−1, since taking into account the same Pe number, it happens that lower λgr im-
ply higher Influence Lengths. If λgr is higher, the indicated Influence Lengths could be
considered precautionary, while in case of lower λgr the Pe number has to be higher to
obtain the same Influence Lengths.
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4.4 Concluding remarks
In this study, two-dimensional models are used in order to investigate the relations among
λgr, λeff and U. Moreover, the Influence Length perpendicular to the groundwater flow
direction has been defined as the radial distance from the borehole axis where the temper-
ature disturbance is equal to a default value (in this work: T0± 0.5◦C and T0± 1◦C). The
study of the Influence Length allows to examine the effects of the heat transfer around a
BHE at steady-state in order to reduce the borehole spacing perpendicular to the ground-
water flow with respect to the currently recommended minimum (20 m) based on the
steady-state temperature variations.
Good indications about conductive and convective heat transfer contribution to the
λeff calculation by thermal response analysis have been deducted from the analysis of
the relation between λeff and U.
The increment of the λ-ratio, when relatively lower λgr values are considered, is
shown, confirming the conclusions presented by Liebel (2012).
Two regression functions for a first estimation of λeff have been proposed: the first
one (eq. 4.4) is a third-degree polynomial which relates the Pe number (eq. 3.14) with
the ratio U/λgr , and valid on the whole considered range of values; the second given
correlation (eq. 4.5) is a linear equation which considers the logarithm of both Pe and
U/λgr and which allows sufficient accuracy only for Pe ≤ 0.123. However, it is evident
that a good knowledge of the hydrogeological features (λgr and U) of the site is necessary
in order to evaluate Pe and subsequently use it in the estimation of λeff .
The Influence Lengths Linf05 (= T0 ± 0.5◦C) and Linf1 (= T0 ± 1◦C) have been
defined, in order to investigate the effects of the heat transfer at the steady-state. The
behavior of these Influence Lengths has been examined considering different values of
λeff and considering the λ-ratio. Both comparisons indicate that a very low flow rate
is enough to reduce Linf , though λgr is a crucial parameter which has to be taken into
account.
For example, if a soil with λgr = 1.5 W (m K)−1 is considered, it will result Linf1 > 20
m in case of pure conduction (i.e. λeff ≈ λgr and λeff/λgr ≈ 1); on the other hand, con-
sidering a groundwater flow rate such that λeff ≈ 1.65 W (m K)−1 (i.e. λeff/λgr ≈ 1.1)
we obtain Linf1 < 1 m and Linf05 ≈ 1.2 m. Comparing these results with the currently
recommended minimum borehole spacing, equal to 20 m and based on the steady-state
temperature variations, the potential advantage in terms of perpendicular spacing between
boreholes is evident. Moreover, while the λeff value is measured with TRT analysis, the
value of λgr can be estimated to a first approximation using a geological map to determine
the nature of the bedrock (and therefore its thermo-physical characteristics).
Further indications that a very low value of U is sufficient to determine a significantly
decrease of the spacing between neighboring boreholes are given also from the relation
between the flow rate U and Linf .
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In practice, if we consider common hydraulic gradients (0.01 to 0.001 A˚berg and
Johansson, 1988) and typical hydraulic conductivities for both, sands (2 · 10−7 to 6 ·
10−3 m s−1 Chiasson et al., 2000) and fractured crystalline rocks (8 · 10−9 to 3 · 10−4 m
s−1 Chiasson et al., 2000), it will result in a U in the order of 2 · 10−9 to 6 · 10−5 and
8 · 10−11 to 3 · 10−6 m s−1 for sands and fractured rocks, respectively. Therefore, in sand
(from coarse to fine) the Influence Length could be expected considerably shorter than for
pure conductive conditions, while in fractured rock the Influence Length will be sensibly
affected when U values exceed 2 · 10−7 m s−1 (∼ 6 m y−1).
Finally, if the hydrogeological conditions of the site are known and it is possible to
make a good prediction of λgr and flow rate U, the Pecle´t number could be calculated.
Due to this, a first estimation of the Influence Length is possible. Also in this case, the
value of λgr is a decisive parameter.
In dissipative borehole systems, where it is important that the boreholes are as un-
affected as possible by other boreholes, the study of Influence Length is an interesting
tool. In fact, placing the boreholes in a line perpendicular to the groundwater flow allows
to gain shorter spacing from the decreased Influence Length. Also in areas with many
single-borehole systems, e.g. in a housing area, it is important to estimate the Influence
Length, to ensure that boreholes are not affecting each other. Moreover, in these cases an
analysis of the Influence Length along the flow direction would be of interest, to avoid
that boreholes are not affecting each other downstream.
For storage systems with boreholes drilled in a compact configuration, Influence Length
is of less importance.
In addition, a method to estimate the hydraulic conductivity of the ground by TRT
analysis has been proposed.
A graph which represents the correlation between λ-ratio and the flow rate U, for
different λgr values, is drawn based on the results obtained by two-dimensional numerical
models and considering the gap between the borehole walls filled with water.
An example of an estimation of the hydraulic conductivity k is presented, taking into
account experimental data as well as plausible hydrological and petrological assumptions
when the data were unavailable. The result obtained with this method is in agreement
with the hydraulic conductivity range proposed in literature for the type of bedrock taken
into account and therefore the proposed procedure may be considered promising.
However, due to the assumptions and approximations required to compensate the un-
available data, the method cannot be considered neither verified nor reliable.
Furthermore, because of the bi-dimensionality of the utilized models, the curves re-
ported in the chart (λ-ratio vs U) do not take into account the convective heat transfer
which may occur due to the buoyancy forces. Therefore, when this phenomenon takes
place the use of the above mentioned chart (λ-ratio vs U) is invalidated. This is due to
the fact that convective heat transfer plays an important role for the thermal behavior of
groundwater filled BHEs (Gehlin, 2002).
In the light of these considerations, the presented methodology has been thought as
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starting point and as a path for further studies and developments.

Chapter 5
Conclusions
In this thesis, the contribution of groundwater flow in heat transfer process between BHEs
and the surrounding ground has been investigated, in order to increase the theoretical
knowledge as well as to improve the existing design tools.
Two-dimensional models which take into account the cylindrical geometry of the
borehole have been used. The groundwater flow has been modeled as steady and hori-
zontal, while a wide range of flow rates has been considered in order to encompass most
of real GSHP applications. Gravitational effects, i.e. the effects of a possible natural
convection, have been neglected.
With respect to the objectives presented in section 1.1, the following conclusions have
been reached:
1. it has been verified that Darcy assumption is sufficiently accurate to model the heat
transfer at the considered values of the Darcy number (Da ≤ 3 · 10−8), although the
viscous effects, and consequently the formation of the hydraulic boundary layer, are
neglected. The Darcynian model reproduces both the velocity and the temperature
fields up to a very short distance from the borehole surface. The differences using
the Brinkman equation are of only∼0.02% in the calculated Nusselt number, since
the effects of the viscous forces results in a very thin hydrodynamic boundary layer.
2. the analytical solution proposed by Diao et al. (2004) has been compared with re-
sults obtained by numerical simulations. The regions of space and time where the
analytical solution is affected by the effects of the line source assumption, in both
the cases of single BHE and borehole field, have been defined. Results highlight
the following considerations:
(a) the line source assumption is crucial during the initial stages (Fo . 2) for all
the considered Pe´clet numbers;
(b) for Pe´clet relatively low and Fo & 2, the analytical (Diao et al., 2004) and the
numerical results are substantially equivalent. In these cases, the reliability re-
strictions on the time domain are relatively low if compared to the operational
life of a GSHP;
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(c) for higher Pe, discrepancies between analytical and numerical solutions are
noticeable at any considered Fourier. In fact, when high flow rates (and con-
sequently high Pe values) occur, the model by Diao et al. (2004) tends to
overestimate the heat transfer efficiency;
(d) the relative error ε% between the analytical and the numerical results becomes
negligible (ε% < 0.5) for r∗ > 10 for the whole considered range of Pe. When
advection dominates over conduction (relatively high Pe), the largest ε% val-
ues are observed in the flow-normal direction;
(e) the average borehole surface temperature Θb values, obtained using the ana-
lytical solution by Diao et al. (2004), are in excellent agreement with the nu-
merical results for Pe . 0.2 and Fo & 1, while for lower Fourier values (i.e.
Fo . 1), the analytical model (Diao et al., 2004) is affected by the line source
assumption. For higher Pe´clet values (i.e. Pe & 0.2) the borehole induces
a significant distortion of the flow field and therefore appreciable differences
between numerical and analytical results are observed on the whole range of
considered Fourier numbers;
(f) accurate regression functions for FoD,1% (as defined in section 3.4.3), FoD,s
and Θb,s, with respect to Pe, have been supplied;
(g) the distributions of steady-state temperature in a six-boreholes field crossed by
groundwater flow (Pe = 1.50) have been evaluated, considering four differ-
ent boreholes configurations and different borehole-to-borehole axis spacings.
For values of boreholes spacing as in practical GSHP applications, the analyt-
ical model provided by Diao et al. (2004) fits very well the numerical solution,
net of overestimation errors due to the line source approximation already high-
lighted for Pe & 0.2.
3. the potential of thermal response test analysis as a tool to predict the borehole spac-
ing when groundwater flow occurs has been investigated. The following considera-
tions have been made:
(a) when relatively lower λgr values are considered, an increment of the λ-ratio
has been observed. This result is in accordance with the conclusions presented
by Liebel (2012);
(b) two regression functions valid on two different ranges of values, for a first
estimation of λeff have been proposed, relating the Pe number (eq. 3.14) with
the ratio U/λgr ;
(c) the Influence Length perpendicular to the groundwater flow direction (Linf )
has been defined and studied;
(d) very low flow rate is enough to reduce Linf , though λgr is a crucial param-
eter which has to be taken into account. The potential advantage in terms
of perpendicular spacing between boreholes is evident, if present results are
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compared with the minimum borehole spacing recommended by Swedish au-
thorities (20 m);
(e) the study of Influence Length may be an interesting tool in the design of dis-
sipative borehole systems, as well as in areas with many single-borehole sys-
tems, where it is particularly important that the boreholes are as unaffected as
possible by other boreholes.
4. A method to estimate the hydraulic conductivity of the ground by TRT analysis has
been proposed. An example of the application of the methodology is presented, tak-
ing into account experimental data as well as plausible hydrological and petrolog-
ical assumptions when the data were unavailable. The obtained result is in agree-
ment with the hydraulic conductivity range proposed in literature for the type of
bedrock taken into account.
5.1 Considerations on the reliability of the provided tools
In this section, few considerations about the study on the methods to estimate the Influence
Length as well as hydraulic conductivity by TRT analysis, are made. Since the reported
conclusions are suggested in order to improve design tools, it is important to highlight
assumptions and simplifications, in order to avoid rough design errors.
All the study on the relations among λgr, λeff , U and Influence Length have been
conducted using two-dimensional models, as well as the development of the hydraulic
conductivity estimation method. Two-dimensional models do not take into account con-
vective heat transfer which may occur due to the buoyancy forces: when this phenomenon
takes place, the convective heat transfer plays an important role for the thermal behavior
of groundwater filled BHEs (Gehlin, 2002). Also the interactions between the borehole
and the ground surface, together with any variation with depth (included end effects), are
neglected in the study, resulting in an overestimation of the Influence Length values.
Moreover, both studies have been carried out modeling a BHE filled with ground-
water and therefore all the conclusions deriving from these works, as well as the values
shown in the graphs, have to be referred to these conditions (net of the two-dimensional
approximations).
Further studies are ongoing to improve the reliability of the method.
From a practical point of view, the Influence Length, as defined in chapter 4, strongly
depends on the direction of the groundwater flow. It is evident that, in the areas where
such direction changes seasonly (or even more often, e.g. an area between two different
hydrological basins), the orientation of the spacing between boreholes must be chosen
according to the specific needs. For example, if the required heating load demand is
sensibly higher than the cooling demand, it means that the BHEs will work mainly during
winter. In this case the winter predominant groundwater flow direction has to be taken
into account. Vice versa, if the plants are designed to work primarily in cooling-mode. On
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the other hand, if heating and cooling loads are balanced, the orientation of the spacing
could be chosen considering the average groundwater flow direction.
Moreover, also the groundwater flow rate is not constant during the year, but it may
suffer significant variations due, for example, to precipitations over a hydrological basin
more than over the adjacent one or to the artificial regulation of the water level, using
dams, in relatively close rivers.
Another important issue, not considered in the present work, is that BHEs generally
penetrate and cross more than only one aquifer, and it is not unlikely that they have differ-
ent groundwater flow directions, as well as different flow rates. It results that considering
the characteristics of only one aquifer, without taking into account the others, may cause
rough design errors in terms of Influence Length best orientation, and possible thermal
interferences.
In any case, a good knowledge of the hydrogeological features (λgr and U) of the
site is required in order to obtain good estimation of Influence Length starting to TRT
analysis.
A further consideration about the definition of Influence Length: identifying the dis-
tance of influence perpendicularly to the groundwater flow direction from the borehole
axis could result deceptive due to the fact that the shape of the temperature plume has
its maximum largeness downstream with respect to the borehole, as also noticeable, for
example, in figure 3.7i. This fact must be kept in mind, in order to avoid mistakes during
the design process.
The method to estimate hydraulic conductivity by TRT analysis has been tested and
the obtained result falls in the range of hydraulic conductivity reported in literature for the
type of bedrock taken into account in the example. On the other hand, experimental data
have had to be complemented by plausible hydrological and petrological assumptions.
Because of these assumptions, to be added to the approximations due to the two-
dimensional model (above discussed), the method cannot be considered verified yet.
Based on the above considerations, we suggest to consider the methodology presented
in chapter 4 as starting point and as a path for further studies and developments.
5.2 Further studies and developments
In light of the considerations exposed in the previous section, the following aspects of the
investigation need to be considered in further studies:
1. the utilization of three- instead of two-dimensional models. This will allow to take
into account of:
(a) the influence of vertical variations,
(b) end-effects and interaction with the ground surface,
(c) the contribution of buoyancy forces;
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2. the effects of the borehole filling material other than groundwater;
3. the distance of thermal influence in the downstream direction, also taking into ac-
count the distance from the borehole axis where the Influence Length perpendicular
to the flow is maximum;
4. the behavior in the TRT curves due to the presence of groundwater flow; a possible
study could be comparing two cases with the same effective thermal conductivity,
one considering pure conduction and one considering also advective heat transfer,
respectively. This is a very important issue, since a major problem with the use
of these methods is the need of a good knowledge of the hydrogeological features
(λgr, U, i), which is rarely possible. Finding a correlation between characteristic
TRT curve behavior and groundwater flow rate could simplify and improve the
applicability of the methods;
5. investigate why the correlation between λ-ratio and the flow rate U presents a dis-
tinct change in behavior, comparing λgr values ≤2 and >2, respectively.
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